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Consider the MILP

minc;
XeS %

ceR", S={xeZ} xR |Ax=Db} withAec Q™" be R"

Thevalue functionof the primal problem (P) is

z(d) = nggl{(\j) CX,

where for a giverd € R™, S(d) = {x € Z, x R | Ax=d}
I={1,....,r},C={r+1,...,n}),N=1UC

z(d) = oo if S(d) =0

z0)=0
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Example

min - 3 + X2 + 3x3 + 6Xs + 7%s + 5%
St B +5% -4+ 24— 7%+ X% =b and (SP)
X1, X2, X3 € Zy,Xa, X5, X6 € R
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Structure of the Value Function

o Itis subadditive ovef2 = {d | S(d) # 0}
o Itis piecewise polyhedral

o For pure integer cas€(= (), it can be obtained by a finite number of limited
operations on elements of the RHS:

(i) rational multiplication

(il) nonnegative combinationy Chvatal fcns.
(iii) rounding

(iv) taking the maximum

Gomory fens.
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Structure of the Value Function

Mixed Case:

o Let the set¥” consist of the index sets of dual feasible bases of the linear
program

1 1
— [ = >
min{ Dccxc DAcxc b,x > 0}
whereD € Z. such that for anf € &, DAZ'd € Z™forall j € |

o Jeroslow Formula: There is a Gomory functigsuch that

2(d) = ming(|d].) + ve(d — [d].) Vd € R™ with S(d) # 0,

Ec&

where forE € &, |d|. = Ac| Az "d] andve is the corresponding basic feasible
solution
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Structure of the Value Function

Maximal Subadditive Extension:

o All the information to obtain the value function is contained in a neighborhood
defined by the constraint matrix coefficients.

o LetM = {1,...,m} and assume th#& € QT, Q@ = R,. Letg € Q7 be

defined as
o = max{a; | j € N},
and let
z(d) if die€l0,qglieM
F(d)=9 min S zp) if d ¢[0,q] forsome e M, @
cec(d) prer

Then,z(d) = F(d) vd € RT.
> C(d): the set of all finite collectiongp?, s PR}, o) € RT such that
P € xiem[0,q],j = 1,...,Rand R, ol = d.
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Example (cont'd)

Extending the value function of sample MILP frdity 12] to [0, 18]
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Example (cont'd)
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Example (cont'd)
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Example (cont'd)

18 FL

16

14

12

10

-16 -14 -12 -10 8 6 -4 -2 O 2 4 6 8 10 12 14 16 18 20 22 24 26

28

M.Guzelsoy, T.Ralphs The Value Function of a Mixed Integer Linear Program




Value Function
Lower Approximations
Upper Approximations

Duality

2 A dual functionF : R™—R is a function that bounds the value function
F(d) < z(d) vdeR"™
> Duality in mathematical programming is the study of such dual functions and
the methods for constructing them

o Dual functions are the basis of lower bounding approximations

2 A dual functionF is calledstrongwith respect to a given right hand sitleif
F(b) = z(b)

For a giverb, there exists aubadditive, strondual function

<

2 How?
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Constructing Dual Functions

o Explicit construction
o The Value Function (Jeroslow & Blair -77/79/82/84, Blaib;Williams -96)
» Generating FunctionsZ transformation (Lasserre -04)
» Generating Functions - Short Rational Functions, Globat $ets (Loera et al.
[2004])
o Primal Solution Algorithms
> Cutting Plane Method (Gomory -69, Chvatal -73, Wolsey -81)
» Branch-and-Bound Metho@olsey -81)
» Branch-and-Cut Method

> Relaxations
o Lagrangian Relaxation (Fisher -81)
> Quadratic Lagrangian Relaxation (Jeroslow & Blair -79, eyl -81)
o Corrected Linear Dual Functions - Linear Represantatiero§low & Blair -78,
Wolsey -81, Lasserre -04)
o Single Row Approximations - Maximal Subadditive Extension
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Dual Function from Branch and Bound

<

Solve the primal problem with branch and bound.

T: the set of leaf nodes

<

<

(V', V', ¥): the dual solution of LP relaxation solved at ndde T.

<

Dual function:
Fes(d) = rtrEIiTn{v‘d +ViI' =V}

<

Fgg is piecewise linear, concave and strong with respebt to
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Dual Function from Branch and Cut

o We need t@eneralizethe valid inequalities so that for a givein# b, T would
still be a valid partition

o Itis sufficient to update the right hand side of each cut:
o subadditive representation is known: Ex. Gomory Mixed late@uts

STFa(M) + 3" Fa(MA) > Fa(Ab),

jel jec
WhereAeR$,0§a<1
_— h— |h] h—|h] <a
al =19 _ (LhJ n max{hflghi,o}fa) h—(h] >a

and

_ h h>0
F"(h):{ &I oh<o
1-a

» Right hand side dependency is known: Ex. Cover Inequalities
> In worst case, variable bounds can be used
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Dual Function from Branch and Cut

2 Dual function:
6(
Fac(d) = min{v'd +VI' = i + 3 " wiFy(ok(d))}

k=1

> (W, v, v wh): the dual solution of LP relaxation solved at ndde T.

> & the number of cuts generated on the path (including the oeresrgted atf)

9 atk: recursive dependency of right hand side ofkcat leaf node on the original
right hand side

9 Ftk: right hand side dependency function of &t leaf node

o Fgc is strong with respect tb
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Dual Function from Relaxations

o Consider thevalue functions of each single row relaxation
z(q) = min{cx|ax=qg,x€ Z, xR '}qeR,ieM={1,...,m}

wherea; is thei row of A.

2 Dual Function:
Fsr(d) = r?g%x{z(di)}, d=(di,...,dm), d€R™.

o Fsris subadditive but not necessarily strong with respect to a given ragid h
side
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Dual Function from Relaxations

o LetK C M,and definep : [0, gk]—R as
¢(h) = max{z(hi)} vh € [0, a].

whereg is the vector of maximum coefficients of each row inket

<

Let Gk be the maximal subadditive extensiongofo R'"!

Dual Function:

<

Fus(d) = max{GK(dk), igﬂa\ﬁ{za(di)}} vd € RT

o Fus is subadditive
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Dual Function from Relaxations

5 Fork € M, A e R, set
Gk (h,w) = min{cx| Aaxx = Ah,x € Z', x RT""} vh e R
2 Dual Function:
Fai, ) = max] Ge(d,), max(z (@)} d € B”
e

o Fa is subadditive
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Global Lower Bounding Approximation

o Z: the set of the dual functions obtained for ealch U C R™ whereU is
some collection of right-hand sides

2 Then, we call the dual functiof defined as
J— m
F(d) = fngagx{f(d)} vd e R

a global approximation of the value function

o This global approximation can be used to substitute the value function in large
instances
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Upper Bounding Approximations

o Just like the lower bounding approximations, we are interested in a function
F: R™ >R U {co} such that

F(d) > z(d) vdecR"

o Closely related to feasibility, so it is harder to obtain compared to dual furctio
2 One possible way is to consider the maximal subadditive extension result:
o Letf(d) > z(d) foralld € [0, q]

> Then, anyextensiorF of f from [0, q] to R} is an upper bounding function
> Any extension rule will do
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Upper Bounding Approximations

2 Another way is to consideestrictions
2 We will only considelffixing variables
o LetK C N,se le‘ be given and define the function
F(d) = cks+ zu\k (d — Aks) vd € R™,
where

Z\k (h) = min  cy\kY
st Apky=h
y € Z2 x R27'2,ny = [N\K]

o ThenF(d) > z(d) vd € RMif s€ Z[} x R}* ", n = [K|

o For a given right-hand side, if s = xg wherex” is an optimal solution, theR
is strong ab
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Upper Bounding Approximations

o A practical one: seK = |

<

Assume thafu € R™ | uAc < cc} is not empty and bounded

<

Letx* be an optimal solution to the primal problem with right-hand side sbt to

o Then the upper bounding function reduces to
F(d) =coX +z(d—Ax) vdecR"

with
zc(h) = max{vh|ve V} vheR"
whereV is the set of extreme points of dual polytope

o F is piecewise-linear, convex and strongat

M.Guzelsoy, T.Ralphs The Value Function of a Mixed Integer Linear Program



Value Function
Lower Approximations
Upper Approximations

Global Upper Bounding Approximations
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