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@ Introduction
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Two-Stage Stochastic Program with Recourse

min f(z) = min ¢' 2 + Eyeq[Q(z, w)]

st.xe X (SP)
Q(z,w) = min q(w)Ty
sit. W(w)y = h(w) — T(w)x (RP)
yey

where X and Y are the feasible regions of the first and second stages and
may be discrete sets. In this talk, we assume

o w follows a discrete distribution with a finite support, and
e W, q, and T are fixed.

T @
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@ We present an algorithmic framework for solving two-stage stochastic
integer programs.

@ Solution of the problem requires analysis of how the solution to the
second-stage problem varies as a function of the first stage solution.

@ The first part of this talk will focus on properties of the value function
of a mixed integer linear program.

@ In the second part, we describe a Benders-like algorithm based on
approximation of the value function.

@ We aim to develop an algorithm that can be implemented in practice.
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Benders' Principle (Linear Programming)

zp= min {dz+ "y | Az+ A"y > b}
(z,y)eR™
= mln{czp—i—qbb A'z)}, 1
zeR"
where
#(d) = min "y
st. Ay >d
y e R

Basic Strategy:
@ The function ¢ is the value function of a linear program.
@ The value function is piecewise linear and convex.
o We iteratively generate a lower approximation by sampling the

domain. ?Jrﬁ: B
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Benders' Principle (Linear Programming)

Zr,p = min T4y
s.t. 25z — 20y > —30
—x —2y > —10
—2r+y>—15
2z + 10y > 15
x,y € R

Basic Strategy:
@ The function ¢ is the value function of a linear program.
@ The value function is piecewise linear and convex.

o We iteratively generate a lower approximation by sampling the

domain. ?Jrﬁ: B

(CORGL Lab) 6/ 49



Benders’ Principle (Integer Programming)

2ip = min {c’x +c"y ‘ Az + Ay > b}
(z,y)ezn
= min {c'z + ¢(b — A'z)}, 1
zER™
where
#(d) = min 'y
st. Ay >d
y e Zn/,

Basic Strategy:
@ Here, ¢ is the value function of an integer program.
@ In the general case, the function ¢ is piecewise linear but not convex.
@ Here, we also iteratively generate a lower approximation by evaluating
2 T B
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Benders’ Principle (Integer Programming)

Zrp = min T4y
s.t. 25z — 20y > —30 v
—x —2y > —10
—2x +y > —15
2¢ + 10y > 15
T,y €7

Basic Strategy:
@ Here, ¢ is the value function of an integer program.
@ In the general case, the function ¢ is piecewise linear but not convex.
@ Here, we also iteratively generate a lower approximation by evaluating

¢- T @
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© Value Function
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LP Value Function

¢rp(b) = min 621 + Txe + 5z

s.t. 201 — Txo +x3 =0 (EX.LP)
z1,%2,23 € Ry
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LP Value Function Structure

¢rp(b) = min clx
st. Az =10 (LP)
z e RY

@ Assume the dual of (LP) is feasible.
@ The epigraph of ¢ p is a convex cone, call it L:

L = cone{(A1,c1),(Az,¢c2),...,(An,cn), (0,1)}

o Let uq,...,u; be extreme points of the feasible region of the dual of
(LP) and dy, ..., d, be its extreme directions. Then

Lo={(bz):z>ujbi=1,...kd b<0j=1,...p}

@ Note that the value function has an underlying discrete structure.FFﬁ: ®
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Example: MILP Value Function

MILP value function is non-convex and discontinuous piecewise polyhedral.

7
¢(b) = min 3z; + 5%2 + 3z3 + 624 + Tx5 + Sz

s.t. 621 + 5wy — 4x3 + 224 — Tw5 + 26 = b (Ex1.MILP)

T1,T2,T3 € Ly, T4,T5,%6 € Ry

-10 -8 -6 -4 -2 0 2 4 6 8 10 T-’ri:?- @
[N :
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Example: MILP Value function

$(b) = min @) — S + Sz

4 4
1
s.t. gxl — @ + Sws = b (Ex2.MILP)

Z1,T2 EZ+, a3 ERJr

i B
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Discrete Structure of the Value Function

@ Our goal is to develop a finite procedure for constructing the value
function.
@ To accomplish this, we want to exploit its discrete structure.

@ This structure arises as a combination of the discrete structures of
two underlying value functions.

e The continuous restriction.

o The integer restriction.

T @
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Continuous and Integer Restriction of an MILP

Consider
¢(b) =min ¢} z1 + cLxc

s.t. Ajxr + Acxo =0, (MILP)
reZl xRYT"

Define the continuous restriction of (??) as

¢c(b) =min clze
s.t. Acxc =0, (CR)
r e R

and its integer restriction as

¢1(b) = min ¢} x;
st. Ajer =0 (|R)

v € Ly e B
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Discrete Representation of the Value Function

For b € R™, we have that

¢(b) = min cyjxy + ¢C(b — A[I‘[)
s.t. xy € Z:_

(1)

@ From this we see that the value function is comprised of the minimum
of a set of shifted copies of ¢¢.

@ The set of shifts, along with ¢ describe the value function exactly.
e For iy €Z', let

o (b, i1) = do(b— Ariy) + crxr Vb € R™.

© Then we have that ¢(b) = ming, ez ¢ (b, 2r). M @
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Properties of MILP Value Function

We define
o Sp={v:Alv<cc}

o £ ={F € R": E is the index set of a dual feasible basis of (CR)}.

o For E€ &, v} =cLAL" (extreme points of Sp).

Proposition 2.1

Consider N' C B over which ¢ is differentiable. Then, there exist an
integral part of the solution v; € 7" and E/ € £ such that
¢(b) = c] a3 + v (b— Arxh) forallb e N.

Proposition 2.2

The gradient of ¢ on a neighborhood of a differentiable point is a unique
optimal dual feasible solution to (CR).
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Properties of MILP Value Function

We now attempt to characterize the points at which the shifts of the LP
value function occur.

Definition 2.1

A point b is called a point of strict local convexity of a function
f:R" - RU{+xoo} if for some e >0 and g € 0f(b)

Fb)> f(B)+ g (b—1b) forallb € N.(b), b+ b

@ For epi(¢c), the single extreme point (if there is one), is the only
point of strict local convexity.

@ For ¢, these occur wherever one of the LP value function cones is
“anchored.”

@ Let P be this set of points of strict local convexity of ¢.
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Properties of MILP Value Function
The Jeroslow Formula

Consider the following scaled MILP, where M € Z such that MAElA}' is
a vector of integers forall E € &,5=1...r.

1
i AT T
min ¢; ry + —Coc
M

1
s.t. Arxr + MAcxc =b

(xr,zc) € Z x R

Jeroslow Formula [Blair, 1995]

The value function (??) can be written as

6(6) = min G([b] 5) + vE (b — (] ),

where |b] , = 4 Ap |[MAL'b| and G is the value function of a related pure

integer program.
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Properties of MILP Value Function

Let To ={be B: bl =b}, T =(\gee Te- From [Blair, 1995], we
know for b € T,

. 1
$(b) = min ¢ x; + Mchc

1
st. Ajxr + MAC:L‘C =b (3)

(xr,mc) € Z0, X 2"

For b € P, ¢(b) is the optimal value of a pure integer program.

-
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Scaled IP from Jeroslow

For the example:

7 3 1
@(b) = min 321 + —xo + 323+ —x4 + =5

2 7 2
1 1
s.t. 621 + by — dag + T4 = 55 = b (Ex.Scaled)

T1,%2,%3,T4,T5 € Ly

The solutions to the above problem for {[—1,0] U [4.4,7.1]}

T @
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Properties of MILP Value Function

Theorem 2.2

For b € P, there exists x; € 7! such that Ajxy = b.

v

Theorem 2.3

For b € P, we have

G(b) = ¢(b) = ¢1(b) = min ¢j xr
st. Ajxr =0 (|R)
Ty € Z:_

P C {A[.%'[ S Z:_}
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Integer Restriction of an MILP

Bottom Line: The value function of a MILP has discrete structure arising
from the integer restriction and can be constructed without solving the

original MILP.
T B
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© Algorithms
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Related Algorithms

The algorithmic framework we utilize builds on a number of previous
works.

e Modification to the L-shaped framework [Laporte and Louveaux,
1993, Carge and Tind, 1998, Sen and Higle, 2005]

o Linear cuts in first stage for binary first stage

e Optimality cuts from B&B and cutting plane, applied to pure integer
second stage

e Disjunctive programming approaches and cuts in the second stage

@ Value function approaches: Pure integer case [Ahmed et al., 2004,
Kong et al., 2006]

@ Scenario decomposition [Carge and Schultz, 1998]

e Enumeration/Grébner basis reduction [Schultz et al., 1998]
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Two-Stage Problem and Value Function

@ Benders’ original method does not apply directly when Y contains
integer variables.

@ To generalize it, we need lower bounding functions to approximate
the MILP value function.

h )
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Dual Functions

A dual function ¢ : R™ — RU {+o0} is
o(b) < p(b) Vbe A
For a particular instance b, the dual problem is

ép = max{p(b) : p(b) < ¢(b) YbeR™, o :R™ = RU {£oo0}}

T @
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Value Function Reformulation of the Two-Stage Problem

Let
e B={f:f=Tx,x € X}
0 S1(f)={re X :Tx=p}
°© S2(B)={Wy=p5,yeY}
o Y(B) =min{c'z:2 ¢ S1(B)}
° ¢(8) ={q"y:y e S2(B)}
o f(B8) = {¥(B) + minEs[¢(hs — )] : B € B}

Then our problem is to determine mingeg f(3).
Assumptions:

@ ¢, T, and W are fixed.

@ The dual of the LP relaxation of the recourse problem is feasible, i.e.,
{veR™ W/ v <q ,Whv<qc}#0

@ X is non-empty and bounded. 9
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Generic Integer Benders' Algorithm

The Algorithm

Step 0. Initialize
a) Set B! = Tx! where 2! € argmin{c'z: 2z € X}
b) Initialize the dual function lists F; = 0, F5 = ().
c) Set k=1.

T @
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Generic Integer Benders' Algorithm

The Algorithm
Step 0. Initialize

a) Set B! = Tx! where 2! € argmin{c'z: 2z € X}

b) Initialize the dual function lists F; = 0, F5 = ().
c) Set k=1.

Step 1. Lower bound the problem and check for termination

a) Find optimal dual functions Ff and F¥ for each s € 1...5 to v(5%)
and ¢(hs — B*) respectively.
b) If

somax  {fu(BY) + Eslfs(hs = 8]} = FY(8) + EolF¥ (hy — 6Y)

then stop, z* € argmin{c'z :z € X, Tx = B*} is an optimal
solution.

T @
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Generic Integer Benders' Algorithm

Step 2. Update the lower bound

a) Update the dual functions lists: F; = F; U Flk and let
fs:fsUSEQFsk'

b) Solve the problem

2F — min max  {f1(B) + Es[fs(hs — B)]}

BeEB  fi1€F1,fsE€Fs

and set its optimal solution to 3**1.
c) Go to Step 1.

T @

(CORGL Lab) 29 / 49



MILP Duals from Branch-and-Bound

Let T" be set of the terminating nodes of the tree. Then in a terminating
node t € T" we solve:

T

min ¢ x
s.t. Az =b, (4)
l<zx< ut, x>0
The dual at node t¢:
max {7'b+ 7'l + 7tu'}
st A4+l +7 <l (5)

m>0,7<0
We obtain the following strong dual function:

min{7’b + 7'l* + 7tu'}

et 1
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MILP Duals from Branch-and-Bound

Figure : Dual Functions from B&B for right hand sides 1, 2.125, 3.5

w8
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MILP Duals from Branch-and-Bound

ol = 5x 1
n2=7x
ni=-75x47.5 |10
nt = - 76x47.25
n5 = 3x

6 = x4

N = 5145

B = 1485
nd= 73458

T @
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MILP Duals from Branch-and-Bound
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Master Problem Formulation

Notation:
e s,r €{l,...,S} where S is the number of scenarios
o pe{l,...,k} where k is the iteration number

e ne{l,...,N(s)} where N(s) is the number of terminating nodes in
the B&B tree solved for scenario s.

95 = ‘FS(B)

tsp'r = Ff(h(S) - ﬁ)

Qprn, Vprn respectively, the dual vector and intercept obtained from
node n of the B&B tree solved for scenario r in iteration p.

ps probability of scenario s

M > 0 an appropriate large number
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Master Problem Formulation

Solving the second stage problem with B&B, in Step 2, the following
problem is solved to get gF*1 :

S
¥ =min ¢z + Zpsﬁs

s=1
st. Te=p

95 Z tspr VS;Z?,T

tspr < Qprn + V;—m(h(s) —B) Vs,r,p,n (master)
tspr > Aprn + V;n(h(s) - B) - Musprn vsaP? rn

N

Zuspm = N(s)—1 Vs, p,r

n=1

z € X, Usprn €B Vs,p,r,n

T @
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Consider
2
min f(z) = min — 3x; — 4y + Z 0.5Q(z, s)
s=1 (7)
st.x1+ 22 <5
€T € Z+
where

Q(x,s) = min 3z + gzL‘Q + 323 + 624 + Ta5
s.t. 6x1 + bag — 4xs + 2x4 — Txs = h(s) — 2@y — %:172 (8)
T1,%2,x3 € Ly, 4,75 € Ry
with h(s) € {—4,10}.
T B
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Iteration 1

Step 0
o F=10
e k=1.

@ Solve
min f(z) = min — 3z — 4z

st.z1+22<5

xr1,T9 € Z+

f0=20,27 =0,23 =5, 5" =3

T @
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Step 1
@ Solve the second stage problem for each scenario. That is, with
h(1) — gt = —6.5 and h(2) — B! = 7.5.
@ The respective dual functions are
FL ,(8) = min{—B —1,0.53 + 10} and
Fl ,(8) = min{33 — 15, —-0.753 + 14.5}.

S

Then, F(B) = max{FL |, FL,}.
Step 2
@ Solve the master problem

fl=min — 3z — 4z + 0.5(F(—4 — ) + Fs(10 — B))
st.x1 +22<5
1
2x1 + 53;2 =p
x1,T2 € Ly T B
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The MILP reformulation of the master problem is

min — 3z, — 4z + 0.561 + 0.560,
s.it. 0 > ts1r s, 7 € {1,2}

t11r < @1pn + Vien(—4 — ) r,n € {1,2}
t11r = Q1pn + Vlrn(_4 - B) — Muyirm, TN e {17 2}
to1r Salrn‘i‘ylrn(lo_/@) TN e {172}
to1, > alrn"”/lrn(lo_ﬁ) — Mugirm TN e {172}
UL1r1 + Urtr2 = 1 re{l,2}
U211 + U21r2 = 1 re{1,2}
1
2x1 + 51‘2 =7
1,29 € Ly yUsirn € B s,ryn € {1,2}

T @
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For example, for t11; = min{—(—4 — ) — 1,0.5(—4 — ) + 10} we add:

tir < —(-4-p) -1

tin > —(—4—-3) —1— Muyn
t111 < 0.5(—4 - pB) + 10

ti11 > 0.5(—4 — B) + 10 — Mujq12

u111 + w1112 = 1

The solution to the master problem is f! = —16.75 with ' = 7.

(CORGL Lab)
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Iteration 2
Step 1
@ Solve the second stage problem with right hand sides: —11 and 3.

@ The respective dual functions are:
F? (B) = min{—j — 2,0.53 + 15} and
F2 ,(8) = min{383, —3 + 8.5,0.783 + 5.8}.

e Since F(—11) + F(3) < F2 (—11) + F2_,(3), we continue:
e Update F(B) = max{F. |, FL, F%  F%,}

s=1r"s5=2J"
Step 2
@ Solve the updated master problem. We obtain f? = —14.5 with
B? = 4.
8
(CORGL Lab)
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Iteration 3
Step 1

@ Solve the second stage problem with right hand sides: —8 and 6.

@ The respective dual functions are:
F3 ,(B) = —0.758 and F3_,(B) = 0.58.

o F(—8)+ F(6) = F2 ,(—8)+ F2_,(6) =9, the approximation is

exact and the optimal solution to the problem is f* = —14.5 and
B3 = 4.

T @
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Implementation Challenges

@ To make the algorithm practical, several issues need to be addressed.

@ The master problem includes a piecewise linear function which grows
in dimensions.

@ In each iteration, for a scenario s, S x N(s) binary variables are
added, where N (s) is the number of new pieces of the function.

@ Therefore, some “cut pool management” techniques need to be used
to keep the size of the master problem manageable.

@ This requires using an appropriate database.

@ The examined right hand sides and their corresponding dual functions
also need to be stored in an efficient manner.
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Implementation for a Single Constrained Recourse

@ For storing dual functions, a “nested hash table” is used.

@ The first level of hashing consists of pairs
(key = r.h.s, value = collection of linear pieces of dual function).
the number of terminating nodes of the corresponding B&B tree
determines the number of dual pieces.

@ The value itself consists of pairs
(key = optimal dual vector of the LP solved in a terminating node,
value = intercept).

@ Therefore, look ups are cheap.

@ A linear piece of B&B tree node is only added if it is stronger than
the previously found ones.
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Right Hand Side Modification

@ Can we do better than blindly solving the master problem to get
candidate right hand sides 5% ?

@ In theory, we get more pieces of the value function by checking for
h(s) — B* € P.

@ Sensitivity analysis on terminating nodes of the B&B tree tells us
about strong pieces for right hand sides around h(s) — 3.

@ This allows us to build pieces of the value function locally around the
examined right hand side.

(CORGL Lab) T)



@ Conclusions
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Conclusions

We aim to develop a practical algorithm for the two-stage problem
with general mixed integer recourse.

The algorithm uses the Benders' framework.

The master problem suggests right hand sides to the recourse
problem.

We use piece-wise linear dual functions obtained from B&B tree to
approximate the value function of the recourse problem.

For implementation, we are looking for ways to keep the size of the
approximation small.

Cut pool management is needed to restrict the function description to
the local area of interest and discard irrelevant parts.

We are looking for ways to tweak the right hand sides to get stronger
lower bounds.
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