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@ The modeling framework of standard mathematical programgrassumes a
decision problem with a single decision-maker and a singjedtive.

o Many real-world decision problems involveultiple, independent
decision-makerDMs) and multiple, possiblgon icting objectives

o Modeling frameworks

@ Multiobjective programming
o Nash games
o Stackelberg games
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Nash and Stackelberg Games

o Many game theoretic models can be formulated as optimizatioblems
involving multiple decision makers.

o In aNash gamethe players are treated as equals and take simultaneamis.act

@ Oneis concerned with nding Alash equilibriumin which the action of each
player is optimal, given the actions of all other players.

@ In aStackelberg gaméhere is a dominant player, called tleeder, who acts
rst and other players react.

@ In this case, one is concerned with determining the leadecssion, given the
assumption that thillowerswill react optimally.
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Applications of Stackelberg Games

@ Hierarchical decision sytems
o Government agencies
o Large corporations with multiple susidiaries
o Markets with a single “market-maker.”
e Parties in direct con ict
@ Zero sum games
o Interdiction problems
@ Modeling “robustness’leader represents external phenomena that canot be
controlled.

o Weather
o External market conditions

@ Controlling optimized systemd$ollower represents a system that is optimized |
its nature.

¢ Electrical networks
¢ Biological systems
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Example: Tunnel Closures (Maurizio Bruglieri)

@ The EU wishes to close certain international tunnels tokisuie order to increase
security.

@ The response of the trucking companies to a given set of ideswill be to take
the shortest remaining path.

@ Each travel route has a certain “risk” associated with it tredEU's goal is to
minimize the riskiest path used after tunnel closures &®rténto account.

@ Thisis a classical Stackelberg game.
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Example: Robust Facility Location (Snyder (2006))

@ We wish to locate a set of facilities, but we want our decigmbe robust with
respect to possible disruptions.

@ The disruptions may come from natural disasters or othereat factors that
cannot be controlled.

@ Given a set of facilities, we will operate them accordinghe solution of an
associated optimization problem.

@ Under the assumption that at masif the facilities will be disrupted, we want to
know what the worst case scenario is.

@ Thisis a Stackelberg game in which the leader is not a coghi2i.
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Example: Atrial Fibrilation Ablation (Phillips)

@ Atrial brilation is a common form of heart arrhythmia thatay be the result of
impulse cycling within macroreentrant circuits.

o AF ablation procedures are intended to block these unwamedlses from
reaching the AV node.

@ This is done by surgically removing some pathways.

@ Since electrical impulses travel via the path of loweststasice, we can model
their ow using a mathematical program.

o If we wish to determine the least disruptive strategy foméibh, this is a
Stackelberg game.

@ In this case, the follower is not a cognizant DM.
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Example: Electricity Networks (Bienstock and Verma

(2008))

@ As we know, electricity networks operate according to pples of optimization.
o Given a network, determining the power ows is an optimizatproblem.

@ Suppose we wish to know the minimum number of links that nedzktremoved
from the network in order to cause a failure.

@ This, too, can be viewed as a Stacklerberg game.
@ Note that neither the leader nor the follower is a cognizavitib this case.
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Basic Framework

@ For the remainder of the talk, we consider systems in whiehethre two DMs, a
leaderor upper-leveDM and afollower or lower-levelDM.

o We assuméndividual rationality of the two DMs.

@ This means roughly that the leader has the ability to predeteaction of the
follower to a given course of action.

o For simplicity, we also assume that for every action by tlaeléz, the follower
has a feasible reaction.

@ The follower may in fact have more than one equally favoragéetion to a
given action by the leader.

@ These alternatives may not be equally favorable to the teade
@ We assume that the leader may choose among the followartsatives.

@ This assumption is reasonable if the players have=afi-cooperative
relationship.
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Bilevel Linear Programming

Formally, abilevel linear programis described as follows.
@ x2 X R™ are theupper-level variables
@ y2Y R™aretheower-level variables

Bilevel Linear Program

max cx+ dlyjx2Py\ X;y2 argmirfd?yjy2 P (x)\ Yg

Theupper-andlower-level feasible regiorare:

Pu= x2R:jAx b' and
Pu(X)= y2R, |G b> A% : J
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Notation

We utilize the following notation:

= (xy)2RY REjx2Py;y2PL(X
! = \ X Y
M(X) = argmirfd?yjy 2 PL(X)g
M'(x) = M(x)\ Y
F = f(Xy)jx2Pury2 M(X)g
Flo = (xy)ix2Pliy2 M'(¥)
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Special Cases

o WhenX = R™ andY = R™, we have aontinuousBLP (usually just a BLP).

o WhenX = ZPt\ R™ P gnd/orY = ZP2\ R™ P2 then we have anixed integer
BLP.

@ When does a solution exist?

Existence of Solutions (Dempe, 2001)

@ In the continuous case, if is nonempty and bounded, then there is a
solution.

@ This suf ces also in the case thAt= Z™.

o If X Z™, the problem may not have a solution in general because the
feasible set may not be closed.

Further Generalizations

o The follower's variables may appear in the leader's comstsgsee, e.9.,
Audet et al. (1997)).

@ The follower's objective may also parameterized (see De(2p61)).
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The following instance of (MIBLP) is from Moore and Bard (199

max x+ 1
x2 X e

subjectto y 2 argminfy: 25+ 20y 30
x+ 2y 10

2x y 15

2x+ 10y 15

y2Yg

@ ForX = R; andY = R,, the feasible setiE and the solution i$8; 1) with
objective value 18.

Q ForX = Z, andY = Z., the feasible set iE' and the solution i$2; 2) with
objective value 22.

Q@ ForX = R; andY = Z,, the feasible set iE and there is no solution. The
in mum of the objective values is 22.5.
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Technical Assumptions

We make the following assumptions in order to ensure thelpnolis well-posed and
has a solution.

© For every action by the leader, the follower has a ratioredtien
(PL()\ Y8 ; forallx2 Py\ X).

@ The follower is semi-cooperative (the leader may choosergmo
alternative members dfl' (x)).

© The feasible set ' is nonempty and compact.

The BLP can now be simply stated as:

Bilevel Linear Program

nax, cix+ dly: (MIBLP)

Ralphs & DeNegre (Lehigh University) MIBLP 21 May 2009 15/56



Solving Continuous BLPs

@ In the continuous case, the lower-level problem can be ceglavith its
optimality conditions.

@ This transforms the original bilevel optimization problémo a standard
mathematical program.

@ The optimality conditions for the lower-level optimizatiproblem are

Gy b* A%
uG d?
ub?> G> A>X)=0
(> uG)y=0
uy2 R.

@ Note that this is a special case of a class of non-linear madkieal programs
known asmathematical programs with equilibrium constrai(MPECS).

@ This can be solved in a number of ways, including converting standard
integer program.
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Discrete BLPs

@ When some of the variables are discrete, the situation israduie dif cult.

@ Because the duals the exist for general integer porgrameateactable in
general, we cannot use the same approach as we did for thewmms case.

@ In fact, going from the continuous cae to the discrete casiedibilevel setting
poses signi cantly different challenges than for standdittdPs.
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Duality for Mixed Integer Linear Programs

Let ™= fF:R™) R]j Fissubadditive and nonincreasi0) = Og. Then the
subadditive dual is

Subadditive Dual Problem

max F(d)
F() ¢ j2[Lpl
F(@ ¢ j2[p+ 1]
F2 m

whereg; is thej™ column ofA and

F(d) = lim supF( o) : J
1o
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Reformulation with Optimality Conditions

In principle, we can use subadditive duality to obtain ojatity conditions for the
lower-level problem (reformulation shown here is for theginteger case).

max c'x+ dy
X;y;F
subjectto Alx bl
A+ Gy b2
F(g) d5 8=1:um
(F(g) Py =0 8=1::m
X2
F(gjz)y,- = F(b®> A%)
=1
x2 27 y2 7% F2 ™

This is analogous to the reformulation in the continuougchst is intractable in
general.
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Towards a Branch and Bound Algorithm

@ The seemingly obvious thing to do then is to develop a braref+bound
algorithm.

@ Our approach is to try as much as possible to directly geizerabncepts from
mixed integer linear programming.

@ Bounding methods

@ Branching methods

o Search strategies

¢ Preprocessing methods

o Primal heuristics

@ In the remainder of the talk, we address development of tbesgonents.
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Contrast with Mixed Integer Linear Programming

In algorithms for solving standard mixed integer lineargraims (MILPS), we
frequently use the following properties.

@ If the continuous relaxation has no feasible solution, theither does the
original problem.

@ If the continuous relaxation has a solution, then its olpjectalue is a
valid upper bound on that of the original problem.

@ If the solution to the continuous relaxation is integragriht is optimal
for the original problem.

Properties 2 and 3 result from the fact that the set of feasiblutions for the original
MILP is contained in the feasible set of the relaxation.

THIS IS NOT THE CASE FOR MIBLP
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Example

Consider the following instance of (MIBLP) again:

max x+ 1 5 — F'!' e eee
X2 Zs e

subjectto y 2 argminfy :

25x+ 20y 30
x+ 2y 10
2x y 15
2x+ 10y 15
y227Z., g X

From the gure, we can see that
QF ,F! and !
QF'6F
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Properties of MIBLPs

In this example:

@ Optimizing overF yields theintegersolution(8; 1), with the upper-level
objective value 18.

@ Imposing integrality yields the solutiqi2; 2), with upper-level objective value
22

From this we can make two important observations:

© The objective value obtained by relaxing integrality is asalid bound
on the solution value of the original problem since we mayehav

max c'x+ d'y< max c'x+ dy:
(xy)2F (xy)2F !

@ Even when solutions to max,,r c'x+ dlyare inF', they are not
necessarily optimal.

Thus, onlyProperty lremains valid.
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Bounding Methods

Relaxing integrality conditionandthe requiremeng 2 M'(x) yields the relaxation

max c'x + dly: (LR)
(xy)2

@ The resulting bound can be used in combination with a stahdaiable
branching scheme to yield an algorithm that solves (MIBLP).

@ Unfortunately, the bound is too weak to be effective on e$éng problems.

Strengthen the linear relaxation with inequalities vatidf ' to improve the
bound.
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Valid Inequalities for MIBLP

An inequality de ned by( 1; 2; o)isvalidforF'if ix+ 5y o for all
(xy) 2F"'.

@ Unless con(F') = , 9 inequalities that are valid fd¥ ', but are violated by
some members of .

@ To generate these inequalities, we must exploit infornmatimt contained in the
linear description of .

@ For a point(x; y) to be feasible for an MIBLP, it must satisfy three conditions

Bilevel Feasibility Conditions

Q (xy)2 ,
Q (xy)2X Y,and
Q y2 M'(%).
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Cutting Plane Approach

Let (X;9) be a solution to

max cix+ dly: (LR)
(xy)2

o If (%;9) 62X Y, then Condition 2 is violate§l apply MILP cutting plane
techniques to separag §) from '.

o If %9)2 X Y ) checkwhether Condition 3 is satis ed.
o Fix x =’x and solve the lower-level problem
min d%y (1)
y2P [ (%)

with the xed upper-level solutiot.
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Bilevel Feasibility Check

Lety be the solution to (1).
o (X y ) is bilevel feasible c%+ dly is a valid upper bound on the optimal
value of the original MIBLP

o Either
Q d%=d?’ ) (%9) is bilevel feasible.
Q d*> d’ ) generate a valid inequality violated K, 9).
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Bilevel Feasibility Cut

Let L L
A ;o Gi= gz; and b:= EZ:

A basic feasible solutio¢k;§) 2 ' to (LR) is theuniquesolution to
ax+gy=h; i21l

wherel is the set of active constraints @t ¥).

This implies that

X X n 0
xy2 'j ax+gy= b = (%9

i21 i21

P P
and , ax+ gy > bi is valid for
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Bilevel Feasibility Cut (cont.)

, P P .
The face of ! induced by ,, aX+ g > bi does not contain any other
members of '

) If X=2Z™andY = Z™ (i.e., thepure integercase), we can “push” the
hyperplane until it meets the next integer point withoutssaping any additional
members of '.

A Valid Inequality
o ax+ gy o b lisvalidfor 'nf(xy)g.

o Observation 2 inequality is valid forF .
o Similar in spirit to Gomory's procedure for standard ILPs.
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A Simple Example

maxminfyj x+vy 2, 2x vy 23Xy 3y 3xy27Z.9:
x oy

-7 x+2y 5

T ox+2y 4

o Thebilevel infeasiblgoint(1; 3) is an optimal solution to the LP

m)?xfyj Xty 2, 2x vy 23 y 3y 3xy2R:0:

o Theinequality x+ 2y 4 separategl;3) fromF'.
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Cutting Plane Algorithm (Pure Integer Case)

@ This approach can be implemented simply within a standatd\bolver
framework simply by adding the aforementioned cut genenatiethod.

@ These inequalities are only valid for the pure integer chseever, and we
would like to consider the general case.

@ The cuts generated by this method are also not very deepdér tr solve
problems of interesting size, we would like to generate deepts.

@ In order to derive stronger disjunctions that can be usebtranching and/or
cutting , we must look more closely at violations of Conditi&.

When the current relaxed solution is bilevel infeasiblejwedisjunctions
from the local structure of the value function.
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The Value Function

The value function of a MILP is a function: R! R([flg thatreturnsthe
optimal value of the program as a function of the right-hadd sector.

MILP Value Function

Z(d) = Xgnsi(g) X, (2

where, for a given right-hand side vecthb R™,

Sd)= fx22z° R? PjAx dg: J

@ Note that the value function is an optimal solution for thbauditive dual for
any right-hand side.

o If we could express the value function in closed form, we dadlve the
subadditive reformulation.

@ Itis not known how to do this in general.
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Value Function Characterization

Blair and Jeroslow (1977) and Blair (1995) show that
@ piecewise polyhedral, and

@ can be expressed as the sum of the value function of a relatedmieger
program and a linear correction term obtained from the aoehts of the
continuous variables.

In Guzelsoy and Ralphs (2008), the case of a MILP with a siogiestraint is
considered. Under this special case:

@ zis composed of a nite number of linear segments on any clasedval
o the slope of each of these linear segments is given by onecgbdssible values.

For illustration purposes, we henceforth assume that tleritevel problem (1)
contains a single equality constraint. For convenienceala@ assume the upper-leve
contains only equality constraints.

Ralphs & DeNegre (Lehigh University) MIBLP 21 May 2009 33/56



Value Function Structure

LetC* =fi2Cjag>0gandC = fi2 Cja < Og, and

€ = min EjiZC" and © = max Eji2C
g g
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Jeroslow Formula

o LetM 2 Z, be such that forany2 T, =2 2 Z forallj 2 I.
@ Then there is a Gomory functignsuch that

Z(d) = m|nfg(bdq)+ —(d b dc)g; bdc, = ﬁ %d ; 8d2R

@ Such a Gomory function can be obtained from the value funaifa related

PILP.
o Fort2 T, setting

! (d) = g(bdg) + %(d b dc) 8d 2 R;

we can write
Z(d) = rtr21|p| t(d)8d2R
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Key Insight

Foranyd d,

z2d) maxf(d; ©);f(d; ©)g=f(d; ©):
Similarly, foranyd d ,

2d) maxf(d; ©);f(d; 9g=f(d; ©):
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In Our Context. ..

Let(%;9) 2 X Y be a solution to (LR), and

2> A% = maxdlyjG’y=b> A%y2 Yq:

Suppose(k; 9) is notbilevel feasible (i.e.d% > z(b?> A%%)). Then:
@ Foranyxsuchthab? A’ b?> A%,

d’y  f(b® A% ©):
@ Foranyxsuchthab? A% b?> A%,

d?y (0> A% ©):
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Bilevel Feasibility Branching

Thus, we have the following disjunction.

Bilevel Feasibility Disjunction

b> A’x b> A% AND d%y f(b?> A%; ©)
OR
b> A’ b> A% AND d%y f(b?> A% ©):

This can immediately be used to develop a stronger brandtingme when solutions
(%%) 2 ' suchthay 62v' (%) are found.
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A Disjunctive Cut Approach

Consider the two polyhedra that result if we impose thisudisfion on the original set
of constraints in . This yields the polyhedra:

g Alx = bt %
A%x+ G?%y = W E
Pl= _ A% A
g2 cAx dYy cA% oy B
XYy 0 '
and
% Alx = bt %
A’ + G%y = Pp? 2
P? = Ax A
g8 Cax dyy cax 2y B
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Constructing the Disjunctive Cut

Let (u'; v'; w; Z) be multipliers for the constraints in polyhedrBh The following
inequalities are valid foP:

ultAlx+ VA% + wiAZx 7t CA%x+ VIGYy  Zd?y
utb® + vib? + WAk 2 CA%+ dy )
andPy:
WA+ VA% WA 72 CA%N+ VPGl  ZdYy
wb'+ vh? WA Z( AR+ dPy ):

It is well-known that, given these inequalities, we can ¢arg an inequality
X+ y that is valid for con¢P' [ P?) by selecting , , and such that

max I, 2g; maXx 3 3g; and minf 3; Zg:
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Linear Description of the Set of Valid Inequalities

Thus, the inequality x+ vy is valid for con(P* [ P?) if
(b Ut )AL (F VA2 wiAZ+ A CA2
W @HAL (P A+ wWAR+ 2 OA2
(V1+ Vl )G2+ Zle
)G+ 2d?
(' ut)bt (v P2 wAKR+ 2 CA%R dYy)
(¥ @bt (VP )RP+ WA+ 2 CA%R dy)
utut e e vV o whwA S 2

O O O O o o o
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Cut Generating LP

To nd the deepest cut, we can solve thiet generation LP

min %+ ¥
s.t. u’  ut AL (Vi )AZ wWiAZ+ 2 CAZ 0
W @HAL (P A+ WA+ 2 A7 0
o V)G 2R 0
v )G+ 2 0
(u' )bt (Vv WA+ 2 CA%R+ dPy) 0
W @bt (VP )2+ wAR+ 2( CAR+ dy) 0
W nt A A w2+ AV AV W A=l

ul v vt Vv wh w22 o

similar to that used in constructing lift-and-project cuts
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Numerical Example

MIBLP Example

min  8xy + Xo + 2x3+ 3X5 + 4Xg
+ty1+ 3ya+ 2y3+ dys+ 2y
subjectto 4+ 2x; 4dxz+ 33X+ 6Xs+ X5 = 24
X1;X2; X3 2 Z+ 3 X4; X5, X 2 R+
y 2 argminf 2y; + 2y3+ 8ys + 4ys + 3ye :
2X1 Xot+ 4X3 AXgat+ 3X5+ Xg

4
+4y; By,+ 6yz+ dyy dys+ 36 = 16;
Y1 Y2 Y32 Z+3Y3Y5 Y6 2 R+ G
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Numerical Example (cont.)

@ The initial LP lower bound is 3, with a solution of

X =8 y =12 )

@ The cutting plane procedure yields the cut

3 7 1 9 5 1 1 1 1 1
Xt Xt Xt gXst 55Xe  zY1 Y2 EY3 BYs Yo T J

@ This yields a new lower bound of 3.224 and a solution of

x; = 0:8163 xg= 35918 vy = 2:1225 J

@ The optimal value is 3.25 and an optimal solution is

X5=4; y1=1 J
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The General Case

@ This method can be generalized to lower-level problems mithe than one
constraint.

@ The Jeroslow formula presented earlier generalizes inahgal way.

@ With this, disjunctions can be derived by parameterizireglthwer level problem
with respect to a chosen directidn

@ Onced is chosen, we consider the structure of the univariate fonct
7(b®> A%+ d).

@ The same basic framework can then be applied.
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Jeroslow Formula for General MILP

Let the se& consist of the index sets of dual feasible bases of the lipessgram
minfi : iAcx =bx O
MCCXC . M C — ] g
whereM 2 Z, such that for an¥e 2 E, MA; 82 zmforallj2 1.

Theorem 1 (Jeroslow Formula) There is ag 2 G™ such that

2d) = ming(bdcg) + ve(d b dcg) 8d 2 R™ with X(c) 6 ;

where for E2 E, bdc. = AgbAc ldc and \ is the corresponding basic feasible
solution.
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Current Work: Implementation

The Mixed Integer Bilevel Solver (MibS) implements the tehand bound
framework described here using software available fromCthmaputational
Infrastructure for Operations Research (COIN-OR) repogit

COIN-OR Components Used

@ TheCOIN High Performance Parallel Sear@HiPPS) framework to
perform the branch and bound.

@ TheCOIN Branch and Cu{CBC) framework for solving the MILPs.

@ TheCOIN LP Solver(CLP) framework for solving the LPs arising in the
branch and cut.

@ TheCut Generation Librar¢CGL) for generating cutting planes within
CBC.

@ TheOpen Solver Interfac@OSI) for interfacing with CBC and CLP.
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Current Work: Interdiction Problems

A special case of interest is theixed integer interdiction problei@MIPINT)

Mixed Integer Interdiction

max min dy (MIPINT)
x2P |, y2P | (x)

where

P,= x2B"jAx b'
Pl= y22z° R"PjGY by ue X

@ When the follower's problem has network structure, we hametavork
interdiction problem

@ Existing literature focuses on variants of network intetidin problem.
@ The model above allows for lower-level systems describegdneral MILPs.
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Current Work: Bilevel Branching (w/ A. Lodi, S. Smriglio,

and F. Rossi)

@ Consider the problem of determining a branching disjumctiat produces
maximal bound improvement.

o Ifthe bound is obtained by solving a mathematical prorgraen this problem
can be formulated as a bilevel program.
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Current Work: Cuts for Interdiction Problems

@ In the case of an interdiction problem, all upper level Valga are binary.
@ So-called “no good” cuts can be added after each bileveilféiascheck.
@ These have had a big impact on the size of the search tree.

@ We have been discussing how to generalize these cuts.

@ The special structure of these problems also lends itselistomized versions
of other components.
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Current Work: Primal Heuristics

o For these problems, feasible solutions are relatively &asyd

@ For example, replacing the upper-level objective with thedr-level objective
and optimizing over ' will produce a feasible solution.

@ We can try and improve these solutions by adding cuts of tima fo
cx+ d?y L, whereL is the objective value of the current incumbent solutior

@ Note that once cuts are added to the original set of lineastcaints, we are not
guaranteed feasiblity and must test for bilevel feasipds usual.

@ However, due to the nature of the bilevel feasiblity check ate always
(eventually) guaranteed the generation of a feasibleisolutith this method.
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Current Work: Primal Heuristics (cont.)

@ Using sensitivity information on the lower level problemcél search methods
can be implemented.

o We are currently working on a method utilizing objectivestdr the lower-level
problem.

@ From the bilevel feasiblity check, we have feasible soluffgy ).

@ Using this information, we can optimize ovet with the cutd?y  d?y in an
attempt to generate a good feasible solution.

@ Thisis in an attempt to drive the solution towards feagiblit

@ As in the previous method, we must check for bilevel feaisibibut are
guaranteed a feasible solution.
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Current Work: Preprocessing

@ We are currently working on a preprocessing method thaivallgs to x
variables before entering the branch-and-bound phaserafigorithm.

@ This method is similar to methods used in preprocessing MILP

o We utilize information from the optimal basis of the origih# relaxation
Zp = MaXy, Cx+ d?.

o Let(%;9) be a solution to this LP arzbe a lower bound on the upper-level
objective value,. Then, for glisuch that

°jci z zp,
e % 2 X, and
@ X is nonbasic at its upper or lower bound,

we can XX to its current value.

@ As in the primal heuristic methods, one way to deternziigeto optimize over '
with respect to the lower-level objective.
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Conclusions and Future Work

o Preliminary testing to date has revealed that these prabtam be extremely
dif cult to solve in practice.

o What we have implemented so far has only scratched the surfac
o Nevertheless, we are encouraged by what we have seen.

@ Much work remains to be done.

o Preprocessing procedures

¢ Reduced cost tightening

o Generalization of known MILP search strategies (dogst-estimatef Benichou
etal. (1971)).

More sophisticated branching rules (i.e., strong brarghin

Column generation approach?

¢ ¢
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