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Linear Programming

A linear program (LP) is the problem of minimizing a linearj@dtive over the
feasible region

SLPZ{XER1|AXZb},

defined byA € Q™", b € R™. That is, the goal of linear programming is to
determine

Linear Program

Zp = Min cX, (LP)
XESLp

wherec € Q".
@ Changing any member of the trip(&, b, c) yields a perturbation of (LP).

@ We focus on changes to the right-hand-side velstor
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Parametric LP

Considering all possible right-hand-sides yieldstheameterized version of (LP):

Parametric Linear Program

zp(v) = min cx, (LP(v))
XESLp(V)
where
SLP(V) = {XERH_ |AX2V},
forallve R".

Zp: R™ — R U {+o0} is the LPvalue function.

o For eachd € R™, z p returns the optimal value of (LP).
@ zp is piecewise linear and convex oveip = {v e R™ | S;p(v) # 0}.
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Mixed Integer Linear Programming

A mixed integer linear program (MILP) is a well-known gerleation of LP.
@ In MILP, a specified subset of the variables is required te @kinteger values.
@ Let this subset be indexed 1 throughk< n.

Formally, the goal of mixed integer linear programming islédermine

Mixed Integer Linear Program

Zp = min cx, (MILP)
XESip

where
S = {xe 7% xR} | Ax= b},

and(A, b, c) are defined as before.
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Parametric MILP

The parameterized version of (MILP) is defined as:

Parametric Mixed Integer Linear Program

Zp(v) = min cx, (MILP (v))
XESp(V)
where
Sip(v) = {x €Z8 xR P | Ax> v} :
forallv e R".

As in the LP case, we refer iy : R™ — R U {00} as thevalue function.

@ By convention, we sagp = o if d ¢ Qip = {ve R™| Sip(v) # 0} and
zp = —o if the objective value is unbounded.
9 zp is piecewise polyhedral bubnconvex.
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Multilevel Programming

o Multilevel programming is a generalization of traditiomahthematical
programming that applies taerarchical decision systems.

@ In amultilevel program:

o Thevariablesare divided into groups controlled by separate DMs.

o Theconstraintof each DM involve the variables of DMs at higher levels in the
hierarchy.

o The DMs have independent, possibly conflicting objectives.

@ Conceptually, the variables are fixed sequentially in adaoce with the inherent
system hierarchy.

o We assumeéndividual rationality of the DMs.

+ DMs will be able to predict the reaction of other DMs to demisi made above them.
@ We can collapse the hierarchy into a single optimization @hdgdwhich the

decisions made at the highest level determine the systeroroet
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Bilevel Programming

We focus orbilevel programs, described as follows.
@ XeXC R'} are theupper-level variables
o y €Y C R are thelower-level variables

Bilevel Program

min{c'x +d'y | x € Py N X,y € argmin{d?y |y e SL(x)NY}}  (BP)

Theupper- andlower-level feasible regions are

Pu = {xe R | Alx > b'}

SL(x) = {ye RY? | Gy > b? — A%} .
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Notation

We utilize the following notation:

Q — {(x,y) e RT xR? | x€ Py,y e S (X}
Q = QNXxY
M (x) = argmin{d®y | y € S_(x)}
M' (x) = M(x)NY
F o= {(xy) |xePuyeMEx)}
Fooo= {xy) IxePhyeM 0}

We can think of a bilevel program as a traditional optimiaatproblem in which a

parametric program has been embedded.
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Technical Assumptions

We make the following assumptions in order to ensure thelpnols well-posed and
has a solution.

@ For every action by the leader, the follower has a ratioredtien
(SL(X)NY £ O for all x € Py N X).

@ The follower is semi-cooperative (the leader may choosergmo
alternative members &fl' (x)).

Q The feasible seF' is nonempty and compact.

The BP can be simply stated as:

Bilevel Program

1yt dly. BP
(X,r)r))gélcx+dy ( )5
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Bilevel Programming Feasible Regions

The following instance of (BP) is from Moore and Bard (1990).

min —x—1
XEX W

subjectto y € argmin{y : —25x + 20y < 30
X+ 2y < 10
2x—y<15

2x+ 10y > 15
yevYs}

From the figure, we can make several observations:
Q@ FCQ F cQ,andQ € Q
QF ¢F
Q Inthis instancezp(v),v € {1,...,8} is identical toF'
This motivates our study of the value function of the lowardl program.

DeNegre & Ralphs (Lehigh University) INFORMS 2009: Bilevel Programming Algorithms



Contrast with Mixed Integer Linear Programming

In algorithms for solving MILPs, we frequently use the folimg properties.

@ If the continuous relaxation has no feasible solution, theither does the
original problem.

Q@ If the continuous relaxation has a solution, then its olpjectalue is a
valid lower bound on that of the original problem.

@ If the solution to the continuous relaxation is integragriht is optimal
for the original problem.

Properties 2 and 3 result from the fact that the set of feasiblutions for the original
MILP is contained in the feasible set of the relaxation.

THISISNOT THE CASE FOR MIBLP
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Properties of MIBLPs

In this example:

@ Optimizing overF yields theinteger solution(8, 1), with the upper-level
objective value 18.

o Imposing integrality yields the solutidf2, 2), with upper-level objective value
22

From this we can make two important observations:

© The objective value obtained by relaxing integrality is asalid bound
on the solution value of the original problem since we mayehav

min_c'x+d'y> min_c'x+dly.
(xy)er (xy)eF

@ Even when solutions to migy)c  c'x + d'y are inF', they are not
necessarily optimal.

Thus, onlyProperty 1 remains valid. fg
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Bounding Method

Relaxing integrality conditionand the requiremeny € M'(x) yields the relaxation

in c'x+ dly. LR
(XT)IQQCX-F y (LR)

@ The resulting bound can be used in combination with a stahdaiable
branching scheme to yield an algorithm that solves (BP).
@ The bound is too weak to be effective on interesting problems

@ We can strengthen the linear relaxation with inequalitedgifor 7' to improve
the bound.

Bilevel Feasibility Conditions

Q (xy) eQ,
Q (xy) e XxY,and

@ yeM©x. 3
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Pure Integer Problems

In the case wher®¥ = Z™ andY =", we can derive simple valid inequalities to
strengthen the relaxation. Let

1 1
A= {22] , G:= [C(;)Z} , and b:= [EZ} .

A basic feasible solutiofk, §) € Q' to (LR) is theunique solution to
ax+gy=»h, iel

wherel is the set of active constraints @&t y).

This implies that

{oeyea | axtgy= b} - {wo}

iel iel

and) . ax+ gy < > i, by is valid for 2.
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Pure Integer Problems (cont.)

A Valid Inequality
e @x+gly < i bi — Lis valid forQ' \ {(x,y)}.

We can see from the figure that these cuts are fairly weak.
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Value Function Reformulation

Let
a9 = yeSrP(lgﬂY .
We can rewrite (BP) as:
min cix+ dly
subjectto Alx > bt
A’x + G%y > b?
dy=2z(x)
xeX,yey.

@ Determining the structure & is very difficult in general.

@ We can derive approximations of the value function
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Upper Approximations

We saw, in the previous talk, how to construct upper-appnaxions.

@ We adopt all assumptions given there in what follows here.
@ Lety* be an optimal solution to

min d%y
YESL

with right-hand-side = x.
@ One upper-bounding function is given by:
f(x) = iy + 2. (b° — A% — GTYY),

wherel = {1,...p,} andC = {p» + 1, ..., np} andz_ is the value function of
the continuous relaxation of the lower-level problem.

@ This bound isstrong.
We can apply this upper bound in several ways.
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Applying the Approximation

One way to apply the bounding function is generate a serisadf upper bounds at
different right-hand-sides.

@ Replacingd?y = z (x) with
d?y < f(x),
results in a relaxation that would produce a bound.

o LetHY be the set of upper-bounding functions for eachU C R™, for some
collection of upper-level solutions.

Then, we have the following relaxation of (BP):

min cix+ dly
subjectto Alx > bt
A’x + G%y > b?

d?y < min f
V< min 0

xeX,yey.

Generating “enough” of these functions yields the origpralblem.
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Applying the Approximation (cont.)

Alternatively, we can use this bounding function to gereexatid disjunctions to be
used in a branch-and-bound or branch-and-cut algorithm.

o Notez . = maxev{u(b?> — Ax)}, whereV is the set of extreme points of the
dual polytope.

@ Thus, for eaclx, f corresponds to some dual feasible basis

This allows us to create the disjunction of the form:

u = W u = Uy
R ... R :
{dZy < f1<x>} © © {dZy < fv(X)}

We illustrate this method in for the case of a lower-levelgtem with a single

constraint next.

DeNegre & Ralphs (Lehigh University) INFORMS 2009: Bilevel Programming Algorithms



Lower-level Problems with a Single Constraint

Suppose the lower-level problem contains only a singletcaims.
SL(x) = {y e R? | gy = b* — a’x}.
LetCt ={ieC|g>>0}andC- ={ieC|g?<0},and

¢ (d. . c @
n~ = min E||eC and¢ :max§||ec .
|

Then, this disjunction reduces to:

Bilevel Feasibility Disjunction

a’x a?x

a?x
¢Ca’x + d?y* OIRS na?x + d?y

77Ca2)—( + dZy*

IN IV
VARIVAN
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lllustrating the disjunction

0

This can immediately be used to develop a stronger brandtingme when solgtions
(x,y) € Q' such thay ¢ M'(x) are found. @
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A Disjunctive Cut Approach

Consider the two polyhedra that result if we impose thisudisfion on the original set
of constraints irf2. This yields the polyhedra:

Alx > bt
a’x + g%y = P

Pt ={ a? > a’x
—(Cax—dy > —(Ca?x — d¥y*
X,y > 0

and

Alx > bt
a’x + g%y — I

P?={ —a% > —a’x
Cax—dy > —ifalx— ddy*
Xy >
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Constructing the Disjunctive Cut

Let (u',V/,w,Z) be multipliers for the constraints in polyhedrBh The following
inequalities are valid foP:

WAL + via?x + wraPx — Z¢Calx + vigly — Zdy >
ulb! + vib? + wla?x — 2 (¢Ca?x + d?y*)

andP5:

WA + va?x — wPaPx — ZnCalx + Vgly — Zd%y >
Wbt +Pb? — w2a?x — 2(Ca?x + diy*).

It is well-known that, given these inequalities, we can ¢arg an inequality
ax + By > ~ that is valid for conyP* U P?) by selectingy, 3, andy such that

a>max{ri, n2}, B> max{r, 5}, and y < min{rd, 75}
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Linear Description of the Set of Valid Inequalities

Thus, the inequalityx + By > ~ is valid for con(P* U P?) if

1t

a— (U —u )AL - (VT v )a2 —wla? + A¢Ca? > 0
a— (¥ —w@ )AL= (¥ -\ a2 +wha? + 2nfa > 0

B— (" =V )g2+Zd2 >0

B— (P - )@+ 2d2>0
— VP b? —wla?x 4 24 (¢Ca®x — d%y*) < 0
— w2 )bt — (V' =V )% + whax + Z(nCax — d%y*) < 0
ot w VR whwWR 2 2 > 0.
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Cut Generating LP

To find the deepest cut, we can solve thiegeneration LP;

min  aX+ gy — v

S.t.

a— (U —u AL - (v VA2 —wla? + A¢Ca? > 0
o — (U — )AL — (VT — V2 )a? + WA + Z2nCal > 0
B— (W -V + 22 >0
B— (P -V )@+ 2d? >0

Vot e v W w2 2 >0,

c

similar to that used in constructing lift-and-project cuts
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Current Work

We are currently working on developing methods:

@ Reduce the size of the disjunction in the general case
o Employ the lower approximations in our algorithmic frameivo

@ Prepocess the problems to increase the algorithm’s speed.
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