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Abstract

The value function of a mixed-integer linear program (MILP) is a function that returns the optimal
solution value as a function of the right-hand side. In this paper, we analyze the structure of the value
function of a MILP with a single constraint. We show that the value function is uniquely determined
by a finite number of break points and at most two slopes. We derive conditions for the value function
to be continuous and analyze its behavior where it is discontinuous. We also propose a method for
systematically extending the value function from a neighborhood of the origin to the entire real line
using the technique of maximal subadditive extension.
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1 Introduction

This paper concerns the value function of a mixed-integer linear program (MILP) with a single constraint.
The motivation for this study is to gain insight into the structure of the value function of a general MILP by
considering the value functions of various single-row relaxations in much the same way as cutting planes
can be generated by considering the feasible regions of single-row relaxations. We hope this line of work
will eventually lead to the development of methodology for approximating the value functions of general
MILPs. Herein, we detail the results of our initial theoretical examination of the structure of the value
function of a MILP with a single equality constraint and non-negativity constraints on all variables. We
show that the value function is uniquely determined by a finite number of break points and at most two
slopes, derive conditions for the value function to be continuous and suggest a method for systematically
extending the value function from a specified neighborhood of the origin to the entire real line. Although
we focus here specifically on the case of a MILP with a single constraint, many of these results hold in more

general settings.

Previous work on the structure of the value function of a MILP has been primarily theoretical and there
has been no work to date on the value function of a MILP with a single constraint. In a series of papers,
Johnson [1974, 1973, 1979] and later Jeroslow [1978] developed the theory of subadditive duality for integer
linear programs, thereby extending many familiar concepts from the realm of linear programs (LP) to that
of integer programs. After this breakthrough, Blair and Jeroslow [1982] showed that the value function
of a pure-integer linear program (PILP) is a Gomory function that can be derived by taking the maximum
of finitely many subadditive functions. Lasserre [2004a,b] introduced a method of constructing the value
function of a PILP using two-sided Z transformation and Cauchy residue techniques on the generating
function representation of the corresponding PILP. Loera et al. [2004a,b] suggested a method of applying
Barvinok [1994]’s algorithm for counting lattice points in a polyhedron of fixed dimension to a specially
constructed polyhedron that includes, for any right-hand side, the corresponding minimal test set (reduced
Grobner basis). For the mixed-integer case, most significant results are contained in the work of Blair
[1995], who showed that the value function of a MILP can be written as a Jeroslow formula, consisting of a
Gomory function and a correction term. See Giizelsoy and Ralphs [2007] for a more detailed review of all

previous work.

2 Duality and the Value Function

In what follows, we consider a MILP with one equality constraint, which is the problem of determining

zp = minczx, P

€S
where ¢ € R™ is the objective function vector and S = {z € Z', x R'\"" | ax = b} is the feasible region,
defined by a € Q", b € R, as well as a scalar r indicating the number of integer variables. A vector z € S is

called a feasible solution and has the solution value cx. Any x* € S such that cx™ = zp is called an optimal



solution. We refer to the MILP (P) as the primal problem.

We are concerned with the value function of (P). Formally, the value function is a function z : R —
R U {%o00} that returns the optimal solution value of a MILP as a function of the right-hand side. In our
case, we have

d) = mi , 1
z(d) nin e (1)

where for a given d € R, §(d) = {x € Z x R." | ax = d}. For the rest of the paper, we let I =
{1,....r},C={r+1,...,n}, N =T UC, and for any index set D C N, and a vector y indexed on N,

we denote by yp the sub-vector consisting of the corresponding components of y.

By convention, we let z(d) = oo if S(d) = (). To simplify the presentation, we make a number of assump-
tions. First, we assume that z(0) = 0, since otherwise z(d) = —oo for all d € R with S(d) # (). Although
our results remain valid when either « € Q" or a € Q", we assume that both N* = {i € N | a; > 0}
and N~ = {i € N | a; < 0} are nonempty since otherwise, z(d) = oo Vd € Ry \{0} in the first case and
Vd € R_\{0} in the latter case. Finally, we assume r < n, that is, at least one of C* = {i € C' | a; > 0}
and C~ = {i € C'| a; < 0} is nonempty, to ensure that S(d) # () for all d € R. Taking all of these assump-
tions together, we have that —oco < z(d) < oo Vd € R. Note that all of these assumptions can be easily
relaxed. In particular, the last assumption, which may appear restrictive, is made without loss of generality,
since the value function a PILP with a single constraint can always be extended to that of a corresponding
MILP with a single constraint in such a way that the two functions agree for all right-hand sides d € R for
which the original PILP is feasible (Blair and Jeroslow [1977]).

Because of the relevance to our work, we briefly introduce the subadditive dual problem and its relation
to the primal problem (P). For a fixed right-hand side b € R, the subadditive dual of the MILP (P) is the

problem of determining

max F(b)
Flag) <e¢j jel, D)
F(a;)<c¢; jeC,

J
F(0) = 0 and F is subadditive!,

where the function F, first used by Gomory and Johnson [1972] for cutting plane algorithms, is the upper

d-directional derivative of F' at zero and is defined by

_ F(éd

F(d) = limsup Flod) vd € R. ()
60—0Tt d

We call any function F satisfying the constraints of (D) dual feasible. Note that F is positively homoge-

neous, subadditive, and bounds F' from above.

As in the LP case, the relationship between the primal problem (P) and dual problem (D) can be summarized
by the following theorems. Extensions of other results from linear programming, such as complementarity

and optimality conditions, are also possible (see Wolsey [1981]).

'A function F is subadditive over a domain © if F(A\1) + F(A2) > F(A1 + A2) forall A\, A2, A1 + X2 € ©



Theorem 1 (Weak Duality by Jeroslow [1978, 1979], Wolsey [1981]) Let x be a feasible solution to the
MILP (P) and let F be a feasible solution to the subadditive dual (D). Then F(b) < cx.

Theorem 2 (Strong duality by Jeroslow [1978, 1979], Wolsey [1981]) If the primal problem (P) (resp., the
dual) has a finite optimum, then so does the dual problem (D) (resp., the primal) and they are equal.

3 Linear Approximations

Unlike in the case of linear programming, computing an optimal solution to (D) is an intractable problem
in general. Since linear functions are subadditive, however, one possibility for approximating the value
function is to consider only linear functions in (D). Replacing subadditivity with linearity in (D) reduces
the dual problem to that of the LP relaxation of the MILP (P), that is, the LP obtained by removing the
integrality requirements for the variables indexed by the set I. It follows that the value function of the LP
relaxation of the MILP (P) is dual feasible and bounds z from below. Furthermore, it is well-known that in
the case of a MILP with a single constraint, the value function of the LP relaxation, which we shall denote

by FT, has a convenient closed form. Let

n=min{= i€ N*} and ¢ =max{= |ie N}, 3)
a; Qa;
Then we have
nd if d >0
Fr(d) =max{ud |( <u<nueR}=1 0 ifd=0 . 4)
¢d if d<0

Note that we must have n > (, since otherwise the dual problem of the LP relaxation of (P) is infeasible,
which in turn, is a contradiction to our initial assumptions that a € Q" and z(0) = 0. Similarly, we can get

an upper bound on the value function by considering only the continuous variables. Let

nczmin{ﬁ i€ CT} and CC:maX{ﬁ lie C}. ()
a; a;
By convention, if CT = (), then we set n© = co. Similarly, if C~ = (), then we set (® = —oo. The function
Fy, defined by
nd if d>0
Fy(d) = min{ccxc | acre =d,z; >0 Vie C} =< 0 ifd=0 , 6)
¢d ifd<0

is then an upper bound on z. This follows from the fact that for a given feasible right-hand side, any optimal
solution to the LP (6) can be extended to a feasible solution for the original MILP (P) by fixing all the
integer variables to 0. In addition, 2(d) = Fy/(d) = Fr(d) Vd € R, if and only if n = 7 and similarly,
z(d) = Fy(d) = Fp(d) Vd € R_ if and only if ¢ = ¢C.



Example 1 Consider the following MILP instance with a fixed right-hand side b

min %wl + %373 + 2x4 + 5 + %I’ﬁ
st w1 — %.%'2 + %.ﬁlfg + x4 — T5 + %l’ﬁ =b and @)

r1,T2,T3 eEZZ#*aahb L5, L6 ezHg%“

We have n = %, ¢ =0,nY = 2and (¢ = —1. Consequently, we have the following lower and upper
bounding functions on the value function of (7) (see Figure 1).
1 . .
=sd if d>0 2d if d>0
Fr(d) =1 ?2 ~ and Fy(d) = - 8
r(d) {o if d<0 o(d) {—d if d<0 ®)
O
2(d) oo
Fu(d)
Fr,(d)
Ce z —
. / 1 —
¢ B
\ S
- 2 ,% J R

Figure 1: Bounding functions on the value function of (7).

Not only do the functions Fy; and F7, bound the value function, but the following proposition shows that the
bounds are always tight.

Proposition 3 Let I, and Fy; be defined as in (4) and (6) and let

df; =sup{d > 0| z(d) = Fy(d)},
dyy = inf{d < 0| 2(d) = Fy(d)},
df =inf{d > 0| 2(d) = Fy(d)}, and
d; =sup{d < 0] z(d) = Fr(d)}.

Then
(i) 2(d) = Fy(d) Vd € (dg, df),
(ii) n <n® <= {d| 2(d) = Fy(d) = F(d),d € Ry} = {0} <= d} < o0,
(i) ( > (C <= {d| 2(d) = Fy(d) = F(d),d € R_} = {0} < dj; > —o0,
(iv) df > d; ifdf > 0, and similarly, d; < dg; ifd; <0,
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(v) ifb e {d € R| 2(d) = Fi,(d)}, then z(kb) = kFy(b) Vk € Z..

Proof.

(i) We first consider the interval [0, d;}) If n° = oo, then dJUr = 0 because otherwise there would exist

(ii)

(iii)
(iv)

d > 0 with z(d) = Fy(d) = oo, which is a contradiction to our initial assumption that z is finite
everywhere. Therefore, assume that n° < oo and that for b; > 0, we have Fy(by) > z(b1). Note
that if we can show that Fy;(d) > z(d) Vd > by, then we must have z(d) = Fy/(d) Vd € [0, dy;). Let
zl e Zi X RS{ be an optimal solution to (P) with right hand side b;. Then,

FU(bl) = ncbl > Z(bl) = cxl. 9

7

Let t € C be such that n© = L. Then, setting vy = S a;x}), we have
it

1 by —
'It == .
at

Next, let by > b;. In this case, the vector z2 € Zi X Rg defined by

by —
x?=xl Vi€ N,i#t and 27 = 277
Qg

is a feasible solution to the MILP with right hand side b2. This implies that

bp—v bi—~vy
Q¢ Q¢

cx® = z(by) + ¢ < > = 2(by) + 1% (b2 — by) > 2(ba).

Therefore, by (9), we have
Fr(bg) = 1%z = n°by + (b2 — n°b1) > 2(b1) + 1 (b2 — br) > 2(ba).
Hence, we have the result. Similar arguments can be made for the interval (d;, 0].
Since F, and Fy; are linear on Ry and Fr,(d) = nd < z(d) < n°d = Fy(d) Vd € Ry, then it is
clear that n < n¢ <={d | 2(d) = Fy(d) = Fp(d),d € R} = {0}.

For the remaining part, we will show that n < n°<= d} < oco. Now, if n = 1%, then z(d) =
Fy(d) = Fr(d) V¥d € Ry and hence d;; = co. On the other hand, if < 1*, then for ¢ € I such that
oL =mn, we have

c > z(a) > may = ¢
and thus, F,(a;) = z(a;) and a; > 0. If d;}; = oo, then from (i), we should also have z(a;) = Fy(ay).
However, this is a contradiction to our previous assumption that < n®.

The proof follows from arguments similar to those made above.

Assume that dJLr > 0 and dJLr < d;}. From (i) and our discussion in the proof of (ii), we then have
z(d) = Fy(d) = Fp(d) Vd € Ry and hence, df = 0, which is a contradiction. The proof of the

second part follows from similar arguments.



(v) The proof follows from the fact that

kFL(b) = kz(b) > z(kb) > Fp(kb) = kFy(b) Vk € Z.
0

It is also worth mentioning that it is not difficult to show that we must have Fy;(d) = z(d) Vd € Ry if
df; > 0 and similarly, Fy;(d) = z(d) Vd € R_ if d;; < 0, where Z is the upper d-directional derivative of

the value function.

Example 2 Consider the MILP instance (7) and its value function given in Figure 1. From Proposition 3,

wehave df; = 1, d; = —1,d} =1,d; = 3,

(&) = 2d  Vd € [0, 3]
TN —d vde[-1,0]

)

and furthermore, for any k € Z

z <3k:> = 1k‘ and z <_3k) =0
2 2 2

Observe that these results agree with the value function.

4 Structure of the Value Function

Blair and Jeroslow [1977] and Blair [1995] showed that the value function of a general MILP is piecewise-
linear and can be written as a Jeroslow Formula defined as the value function of a related pure integer
program and a linear correction term obtained from the coefficients of the continuous variables. Below,
we extend these results for the case under consideration and show that z can be represented with at most
two continuous variables and consequently, each linear segment of z can be described by a unique integral
vector and a slope obtained from the coefficients of these continuous variables. In addition, we analyze
the behavior of z at a right-hand-side d where it is discontinuous and derive the necessary and sufficient

conditions for the continuity of z.

As a first step, let T' C C consist of the indices ¢ and ¢t~ of two continuous variables that achieve the ratios
n® and ¢, respectively (if they exist). Formally, lettT € C be such that ¢ = Zt—i if n© < oo and similarly,
t
let = € C be such that (¢ = 2= if (¢ > —oo. Finally, let T = {t* | n° < oo} U{t~ | (¢ > —occ}.
o
Proposition 4 Let

v(d) = min crxy + crxr
st. arxr+arrxr=d . (10)
xr € Zi, T € Rz

Then, v(d) = z(d) for all d € R.



Proof.

1. v > z: This result follows from the fact that (10) is a restriction of (P).

2. v <z Foragivenb € R, lety € Zfr be the integer part of an optimal solution to MILP (P) with
right-hand-side b. Then we have

v(b) <cry+ mincrx
arx = b—ajyy
T
x € Ry
= cry+ max u(b— ary)
¢“<us<n”

=cry+ u*(b—asy)

= 2(b)
where
n® if b—ary >0,
u =< ¢ if b—ary <O,

0 otherwise

The first inequality follows from the fact that ¢ has to be the integer part of a feasible solution to (10),
because otherwise, the dual problem in the second equation above would be unbounded and hence ¢ cannot

be an integer part of an optimal solution to MILP (P) with right-hand-side b. ¥

Proposition 4 states that we can assume without loss of generality that we have at most two continuous
variables, i.e., those indexed by the set T". The rest of the continuous variables can be considered redundant.
With this observation, we can simplify the result of Blair [1995] that states that the value function of a
general MILP can be written as a Jeroslow Formula to the special case under consideration here.

M
a

Let M € Z4 be such that for any ¢t € T,
rationality of a. Define

(:j € Z for all j € I. Note that such an integer exists by the

g9(q) = min cjxy+ ﬁcT:cT + z(p)v
s.t arjxy+ ﬁaTa:T + v =g¢q (11)
Ty € Zfr,mT S Zz,v €Zy

for all ¢ € R, where ¢ = —ﬁ ZteT a¢. Furthermore, for ¢t € T, define
c
wi(d) = g(ld],) + -(d = 1d],) (12)

forall d € R, where |d], = 1% LMJ and for A € R, | \] is the largest integer with A > [ \].

ar
Theorem 5 (Blair [1995]) For any d € R,

z(d) = It'%i%lwt(d)' (13)



Note that both w,+ and w,- are piecewise linear with finitely many linear segments on any closed interval
and each of those linear segments has a slope of ¢ and ¢, respectively. It then follows that z is also
piecewise-linear with finitely many linear segments on any closed interval and furthermore, each of those
linear segments either coincides with w,+ and has a slope of n* or coincides with w;— and has a slope of ¢.
Below, we formally present results that follow from this observation by analyzing the structure of w;+ and

wt— .
Theorem 6

(i) Fort €T, let b € R be a breakpoint of wy. Then beZ.
(ii) wy+ is continuous from the right and w,— is continuous from the lefft.

(iii) w;+ and w,— are both lower-semicontinuous.

Proof.

(i) Let b be given such that gé Z and let

Observe that for any d € U, we have |d|, = |b|, and wy is linear over U. Since b € U and b # [b],,
we must have that w; is continuous at b and therefore b cannot be a breakpoint.

at

(ii) From the proof of (i), for any d € R, w;+ is linear over the interval [Lth, |d], + M) and therefore
continuous from the right. Similarly, w,- is linear over the interval (|d], + %, |d],] and therefore

continuous from the left.

(iii) Let b € R be a breakpoint of w;+. From our discussion in the proof of (i),

wer (d) = g(b—F7) o (A= (b—%7)) de[b—4.b)
t 9<b)+%(d—b) de [b’b—i_ﬁ)

Then we have

Jmese) = o (b=57) o (0= (= 57))

_ _ Wt Gt
- g(b M>+M
> g(b)

= wt+(b)7

where the inequality follows the fact that if (Z, Zp, ©) is an optimal solution to (11) with right-hand-
side b — ﬁ, then (m I, T+ + 1, T+, v) would be a feasible solution for right-hand-side b and the

8



last equality follows from the fact that b = |b],, by (i). Since from (ii), w,+ is continuous from the

right, we conclude that lim,_,, wy+ (p) > w;+(b) and therefore, wy+ is lower-semicontinuous.

One can show that w;— is also lower-semicontinuous with similar arguments.

Corollary 7

(i) (Meyer [1975]) z is lower-semicontinuous.
(ii) If z is discontinuous at b € R, then there exists a yj € Zfr such that b — ayy = 0.
(iii) Let U be a maximal interval on which the value function z is linear. If z(d) = wy+(d) Vd € U, then U
is closed from the left. On the other hand, if z(d) = w;-(d) Yd € U, then U is closed from the right.

Proof.

(i) From Theorems 5 and 6, z is the minimum of two piecewise-linear, lower-semicontinuous functions

and therefore, z is also lower-semicontinuous.

(i) Assume without loss of generality that b — ary > 0. Then we have,

z(b) = }){%(CI?? +n%(p— ary))
> lim z(p)
p—b
> z(b),

where the first inequality follows from the fact that ¥ is the integral part of a feasible solution for any
d € [ary, 00) and the second inequality from (i) that z is lower-semicontinuous.

However, this is a contradiction to the initial statement that z is discontinuous at b since at least one
of lim,,_;+ z(p) > 2(b) and lim,_,;~ z(p) > z(b) has to be satisfied.

(iii) Assume that z(d) = w+(d) Vd € U, U is not closed from the left and let b = inf{d | d € U}. Note
that we must have z(b) < w;+(b) due to the fact that w,+ is continuous from the left by Theorem 6 and
therefore is linear over {b} U U. Since z is discontinuous at b, there exists by (ii) a y € Zi such that
b — ary = 0. Then for each ¢t € T', we must have ]‘f—tb € Z,b = |b],, and consequently, z(b) = w;(b),

which is a contradiction.

Similar arguments can be made to show that U is closed from the right when z(d) = w;- (d) Vd € U.
0

Theorem 8 If the value function z is linear on an interval U C R, then there exists a ij € Z{,_ such that i is

the integral part of an optimal solution for any d € U. Consequently, for some t € T, z can be written as
_ G _
z(d) = cryg + o (d—ary) (14)
t

forall d € U. Furthermore, for any d € U, we have d — ary > 0ift =tT andd — a;j < 0ift =t



Proof. From Theorem 5 and our discussion above, we must either have z(d) = w;+(d) or z(d) = w;-(d)
forall d € U. Assume the former holds so that by Corollary 7, U is closed from the left. Let (7, Z7) be an
optimal solution for b = min{d | d € U} with z(b) = ¢;Z1 + crZr. Since z is linear on U with the slope
n“ and passes through the point (b, z(b)), we can write z(d) = g(|b],+) + n°(d — |b|,+) forall d € U.
For any ¢ € U, we have ¢ > b and hence <:Z" I, T+ + Zt;f, .’ET\ﬁ) is a feasible solution for right-hand-side

g. Observe that this is also an optimal solution since

—-b
CrxTr + cpr (-’Ift+ + q> T e\t = CrTr T erIT o G <q )
s A+

= ollele) b= 1)+ (10)

= g([bl+) +n%(q— [b]+)

The proof follows similar arguments for the case when z is determined by w;—.

For the rest of the claim, note that if ¢ = ¢* and 7 is the integral part of an optimal solution for d, then from
our discussion in the proof of Proposition 4, d —ag > 0 and z(d) = c;y+n% (d —az%). Similarly, if t = ¢~
then d — ayy < 0 and z(d) = c;5 + ¢ (d — ary). 0
Example 3 For the MILP instance (7), we have T = {4,5} and hence, z¢ is redundant. Furthermore, for
the intervals U; = [0, %] ,Ug = [%,1] ,Us = [1, %] Uy = [g,%] ,...,wehave y' = (000),y% =
(100),y> = (100),y* = (00 1),... as the integral parts of the corresponding optimal solutions and

therefore, plugging these values to (14), we obtain
(

2d if de Uy
—d+3 if deU,
2d— 3 if d € Us
—d+2 if de Uy

O]

As these results show, the continuous variables indexed by t* and ¢, and the associated quantities ¢ and
¢¢ are key components of the structure of the value function. It turns out that we can further state conditions

on the continuity of z using these components.

Theorem 9

(i) n© < oo if and only if z is continuous from the right. Similarly, (¢ > —oo if and only if z is

continuous from the left.

(ii) Let U C R, V C R be the intervals that any two consecutive linear segments of z are defined on and
let ayr,ay € {770, CC} be the corresponding slopes. Then oy # o if and only if both n© and ¢©

are finite if and only if z is continuous everywhere.

10



Proof.

(i) Assume that ¢ < co. Now, if (¢ = —oo, then z(d) = w;+(d) Vd € R and from Theorem 6, z
is continuous from the right. Otherwise, let b € R be such that z is discontinuous at b. Then from
Corollary 7, there existsay € Zi such that b—ay = 0. In this case, both é\f—f and é\f—f’ are integral and
therefore, b = [b],,t € T and 2(b) = w;+(b) = w;— (b). However, this is a contradiction, since w;+ is
continuous from the right and w;— is continuous from the left and therefore by lower-semicontinuity,

z would then have to be continuous at b.

On the other hand, assume that z is continuous from the right. If ¢ = oo, then z(d) = w, (d) Vd €
R, z is continuous from the left and 2z can only be continuous from the right when w;- is linear over

R. By Proposition 3, this is possible only when ¢ = ¢, which is a contradiction.

Similar arguments can be made to show that the second part of the claim is also valid.

(i) The proof follows directly from (i).
O

Theorem 9 states essentially that the continuity of z depends only on the finiteness of n¢ and ¢¢ and
that when 2 is continuous, the slopes of the linear segments of z alternate between these two values. Conse-
quently, pursuant to the results of Proposition 3, it is not hard to show that we must have ¢ = oo <= d;} =
0and (¢ = —00 <= dy; = 0. In other words, z overlaps with Fy; in a right-neighborhood of the origin if
and only if n° < oo and similarly, in a left-neighborhood of the origin if and only if (¢ > —oo.

Example 4 Consider the following MILP instance with a fixed right-hand side b

min x; — %1‘2 + %xg
s.t %xl — o+ %1'3 =b and (15)

r1,T9 € Zi,x3 € Ry

As seen in Figure 2, the value function of problem (15) is continuous only from the right. For the intervals
Ur=1[0,1),02 = [3,9).Us = [3:1) ,Us = [3,1),Us = [1,3) . Us = [3,7),Ur = [1,2), Us =
{2}, wehavey' = (00),5 = (11),9° = (22),9" = (33),9° = (44),5° = (21),5" = (32),5° = (43)
as the integral parts of the corresponding integral solutions. Note that z is discontinuous at d; = 0,dy =
%, ds = %, dy =1,d5 = %,dg = %, dr = %, ds = 2 in the interval [0, 2] and for each discontinuous point,

we have d; — (3y} — y4) = 0. Furthermore, observe that d;; = 0, df; = 1 and each linear segment has the
3

C _
slope of n* = 3. -

11
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Figure 2: The value function of (15).

5 Maximal Subadditive Extension

Let a real-valued function f be subadditive on the interval [0, h], h > 0. The maximal subadditive extension
of f to Ry is the function fg defined for each d € R by

f(d) if del0,h]
d) = ; ' ) 16)
fs(d) cég{d)%f(p) if d>h (

where C(d) is the set of all finite collections {p1, ..., pr} such that p; € [0, h],i =1, ..., R and Zf;l pi = d.
Each collection {p1, ..., pr} is called an h-partition of d.

Theorem 10 (Bruckner [1960]) Let f : [0, h] =R be a subadditive function with f(0) = 0 and let fs be
defined as in (16). Then fs is subadditive and if g is any other subadditive extension of f to Ry, then
g < fs.

Note that because of subadditivity, we can find the exact size of the h-partitions needed to be evaluated to
get the value of fg(d) for any d > h.

Theorem 11 For any d > h, let kg > 2 be the integer such that d € (%h, kd2+ ! h}. Then
ky ky
fs(d) = inf {Zf(ﬂz‘) 1> pi=d,pi€[0,h],i=1, ~--,kd} : (17
i=1 i=1

12



Proof. Without loss of generality, consider an h-partition of d, {p1, ..., p,+1}, where k; is defined as above.
In this case, at least one pair of members of this partition must have a sum less than or equal to h, since
otherwise, kg fofl pi = kqd > Wh, which would be a contradiction to the fact that d < %h.
Hence, there is another h-partition with the same sum and one less member, which means that any partition

with more than k; members is redundant.

O
Using Theorem 11, we can formulate a procedure to construct fg recursively for all d € R as follows:
i. fs(d)= f(d),d € [0,h]. Letp := h.
ii. Forany d € (p,p+ §]. let
fs(d) = nf{fs(p1) + fs(p2) | p1 + p2 = d, p1, p2 € (0,p]} (RP)

Letp:=p+ g and repeat this step.

Observe that this procedure extends the function over an interval that is the half of the previous interval so
that we only need to consider p-partitions with size 2 for any d € (p, P+ %} by Theorem 11.

One special case occurs when fg has the property that fs(kh + d) = kf(h) + d for all d € [0, h] and all
k € Z, i.e., the function “repeats” itself over intervals of size h. In particular, this property is observed
whenever fg(h+d) = f(h)+ f(d) forall d € (0, h] (Laatsch [1964]). The following result states necessary

and sufficient conditions for this behavior.

Proposition 12 (Barton and Laatsch [1966]) Let | be a real-valued subadditive function with f(0) = 0
and defined on [0, h]. Then fs(kh + d) = kf(h) 4+ d forall d € [0, h] and all k € Z if and only if for all
p1 € (0, h],

f(or) < f(h+p1—p2) = f(h) + f(p2) (18)

for all ps satisfying p1 < p2 < h.

Corollary 13 Let f be a real-valued subadditive function with f(0) = 0 that is concave on [0, h]. Then
fs(kh+d) =kf(h)+ f(d) foralld € (0,h] and all k € Z.

All the results above are also valid when extending a real-valued subadditive function f defined on the
interval [h, 0] for h < Oto R_.

We now state one of our main results: if F'(d) = z(d) for all d in a certain neighborhood of the origin that
we will define, then the maximal subadditive extension of F' to all of R must be precisely the value function.
Before we proceed, we first note that we can change the “inf” to “min” in (16) if the seed function is the

value function itself.

13



Lemma 14 Let the function f : [0, h] =R be defined by f(d) = z(d) Vd € [0, h]. Then,

=(d) if delo,n]
d) = ; ; . 19
fs(d) Crérg(r(ll) z(p) ifd>h (19)
peC

Proof. Assume that this is not the case and we have ford > h

G D 20) <D 2(p) VCEC() (20)
peC peC

Note that this is possible only if for some C € C(d) and p € C, we have
z(p) > lim z(o) or z(p) > lim z(o).
o—pt o—p~

However, this is a contradiction to lower-semicontinuity of z given in Corollary 7. -

Theorem 15 Let d, = max{a; | i € N} and d; = min{a; | i € N} and let the functions f, and f; be the

maximal subadditive extensions of z from the intervals [0, d,] and [d;, 0] to Ry and R_, respectively. If we

define the function
) :{ Jr(d) deR. o
fild) deR_
then z = F.

Proof. z < F : For a given d > d,, let {p;}2,,p; € [0,d,] Vi € {1,..., R} be a d,-partition of d such
that f,(d) = Y1 | 2(pi). Note that such a partition exists by Lemma 14. In addition, let {z*}/ | be the
collection of corresponding optimal solutions. Since Zi 1 2! is a feasible solution to MILP (P) with right-
hand side d, then F'(d) = f.(d) = Zf:l z(pi) > z(d). Hence, F(d) > z(d) Vd > 0. Similarly, one can
also show that F'(d) > z(d) Vd < d;.

z > F : Using MILP duality, we show that F" is dual feasible.

i. F'is subadditive: It is enough to show that F' is subadditive in {%, 3%} due to recursive procedure

(RP). Let d; € [3d;,0] and ds € [0, 33-] be given. From the construction of f;, we know that f;(d;)

can be determined by a d;-partition {p} } 2, of d; which has a size of at most 2 and similarly, f,(d2)

can be determined by a d,.-partition { p?}le of ds also with a size of at most 2. Then

2 2
F(d)+ F(dy) = > filpi)+ Y f(p])
=1 =1

2

= > =) +2(0})
i=1
2

> ) xpf 407 s

i=1
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where the last inequality follows from the fact that z is subadditive in [d}, d,] and pair sums p} + p? €
[d;, dy],i = 1, 2. If both these pair sums are either in [d;, 0] or in [0, d,], then we are done, since in this
case, the subadditivity of f; or f, can be invoked directly to show that Z?Zl 2(pt + p?) > F(dy+d2).
Otherwise, we have at least one pair sum in each of these intervals. Without loss of generality, let
p1 + p} € [d;, 0] and p3 + p3 € [0, d,]. Then we have

2

2
S z(pl+0]) = 2 (ZPH/J?) = F(dy + dy)
=1

i=1
since 37, p} + p? € [d;, d,] and 2 is subadditive in this interval.
ii. F(a;) < c¢;jVj € I: Since the range [d;, d,] is chosen to include all a;, j € I, then F'(a;) = z(a;) <
Cj Vjel.
iii. F(aj) = limsups_q+ F(iaj) < ¢; Vj € C: For any j € C and sufficiently small values of § > 0,
we have F(da;) = z(da;) < dc;. This implies that, F'(a;) < ¢; Vj € C.

Also note that F'(0) = z(0) = 0 due to our initial assumptions and thus, F' is a feasible dual function and

from MILP duality, z > F. -

6 Evaluating the Value Function

Theorem 15 states essentially that z can be encoded simply by its two slopes and the set of its breakpoints in
the interval [d;, d,]. Now that we can formulate z as in Theorem 15, an obvious question is whether we can
algorithmically extract the value z(d) for a given d € R\[d}, d,] from this encoding. The following theorem

states that, for a special case, this can be done easily.

Theorem 16 Let dy, d, be defined as in Theorem 15. If z is concave in [0, d,], then for any d € R
z(d) = kz(d,) + z(d — kd,), kd, <d< (k+1)d, k€ Z (22)
Similarly, if z is concave in [dy, 0], then for any d € R_

2(d) = kz(d)) + z(d — kdy), (k+1)d <d<kd kelZy (23)

Proof. The proof follows from Corollary 13 and Theorem 15. B

=3
2
written as in (23) which simply requires z to repeat itself over the intervals of size % (see Figure 1).

Example 5 For the MILP instance (7), z is concave in [ 0] and therefore, for any d € R_, z(d) can be

O
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In general, however, the question is whether there is a finite algorithm to compute z(d) from the above

encoding. Our discussion in the rest of this section shows that indeed there is.

Without loss of generality, we will only consider the interval R4 \[0, d,]. Extending z from the interval

[d;, 0] to R_ can be accomplished similarly.

Definitions

e LetU;,i € {1,...,s} be the maximal intervals defining the linear segments of z on [0, d,].

e Foreachi € {1,...,s—1},letd" =sup{d |d € U;} = inf{d | d € U;41}. Setting d® = 0,d* = d,,
let ® = {d°,...,d*}. We will call the set ® the break points of z on the interval [0, d,.].

o LetV = {d'|a'<aflic{l,...;,s—1}}U{0,d.} where each o' is defined as in Theorem 9.
We will call the set ¥ the lower break points of z on the interval [0, d,]. Observe that ¥ = @ if z is

not continuous everywhere.

e For any d € R \[0,d,], a d,-partition C € C(d) = {p1,...,pk,} is called an optimal partition if

z(d) = Zfil z(p;) where kg > 2 is the integer such that d € (%ddr, kdjldr}. Note that such a

partition exists by Theorem 11.
Theorem 17 For any d € R \[0,d,], there is an optimal d,-partition C € C(d) such that |C\®| < 1.

Proof. Let C = {p1, ..., pi,} be an optimal d,-partition for d. If |C\®| < 1, then we are done. Otherwise,
there is a pair {p;, p,} € C\®. Without loss of generality, let p; < p,, p; € U; and p, € U,.

e 2z is continuous everywhere: In this case, both ¢ and (¢ are finite and of, o” € {1, (}.

- al=a"Letf = p—min{d|d € U} = p—d~tand A\ = max{d | d € U} — p, = d" — p,.
Setting § = min{f, A} and S = {p; — 9, pr + 0}, clearly, S U C\{ps, pr} is another optimal
d,-partition for d and |S U C\{p;, pr} N ®| > [C N D|.

— ol > a": Then, z(p; — 6) + z(p, + ) < z(p;) + z(p,) and therefore, C cannot be an optimal
partition for d.

—-ad <o Ifweletd = max{d|dc U} —p =d —p, \=p,—min{d|d € U,} = p,—d" 1,
and § = min{0, A}, then z(p; +9) + z(pr —9) < 2(p;) + z(pr) and again, this is a contradiction
to the optimality of the partition C.

e 2z is not continuous everywhere: In this case, only one of n° and (¢ is finite and either o/ = " =

n¢ <ocoral =a" = (¢ > —o.

- n% < oo : From Theorem 9, we know that each U; i € {1,...,s} is closed from the left and
therefore d* € U; 111 € {0,...,s — 1}.
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Now, let § = sup{d |d € U;} —py=d' — p;, \ = p, —min{d | d € U,} = p, —d"~! and
d = min{0, A\}. If > A, then, with S = {p; + 6, p, — 3}, SUC\{pi, pr} is another optimal d,-
partition for d and |[SUC\{p;, pr }N®| > [CNP|. If < ), then C can not be an optimal partition
for d since p;+6 = d' and from lower-semicontinuity of z, z(p;+0)+2(p, —0) < z(p1)+2(p;).

- (% > —oo: With similar arguments, one can show that the claim is still valid for this case.

Note that this procedure updates the optimal partition so that the number of common members of the new
optimal partition and ® increases at least by 1. Therefore, applying the procedure iteratively would yield an

optimal partition C € C(d),C = {p1,. .., px,} so that |C\®| < 1. 0

Example 6 Consider the MILP instance (15). We have d, = % and ¢ = {O, %, %, %, 1, %} For b = %,
ky=3andC = {1,2,2} is an optimal d,-partition with |C\®| = 1.

O

In fact, we can further restrict the search space for the continuous case by only considering the lower break
points. Note that this would be expected, considering Corollary 13.

Corollary 18 If both n° and (¢ are finite, then for any d € R, \[0,d,] there is an optimal d,-partition
C € C(d) such that |C\¥| < 1.

Proof. Assume that C = {p1,...,pk,} is an optimal d,-partition for d such that p,, p; € C\V. From

Theorem 17, we know that at least one of p;, p; is in .

e p., p; € ®: Since z is continuous everywhere, then p, € U,NU,;1 witha™ > o™ and p; € U;NU;;
witha! > o/t Let A = p,—min{d |d € U,} = p,—d" 1,0 = max{d |d € Upy1}—p; = d'—p,
and § = min{0, A\}. Clearly, C cannot be an optimal partition since for any € with 0 < € < 6,
{pi + € pr — €} UC\{pi, pr} is a d,-partition for d with z(p; + €) + z(p, — €) < z(p) + 2z(py).

e p, € ®and p; ¢ ®: Similarly, assume that p, € U, N U, with a” > a"tland p; € U,

—ol=n%Letd =p—min{d|d e U} = p—d~" N =max{d|d € U, 11} —p, = d" ' —p,,
d = min{#, A}. Then, C can not be an optimal partition for d since for any € with 0 < € < 4,
{p1 —€,pr + €} UC\{p1, pr} is a d,-partition for d with z(p; — €) + z(p, +€) < z(p1) + z(pr).

- ol = ¢ Similarly, let ¢ = max{d |d € U} — p, A\ = p, —min{d | d € U,}, § =
min{f, A\}. Then again, C can not be an optimal partition for d since for any € with 0 < € < 4,
{p1 +€,pr — €} UC\{p1, pr} is a d,-partition for d and z(p; + €) + z(pr — €) < z(p1) + z(pr)-

Therefore, and from Theorem 17, we conclude that |C\¥| < 1.
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Example 7 Consider the MILP instance (7). For the interval [0, 2], we have ¥ = {0,1,2}. Forb = 2

2 8>
C ={%,3,3} is an optimal d,-partition with [C\ | = 1. 0

From Theorem 17 and Corollary 18, we conclude that we need only to search a finite space of d,-partitions

to obtain the value of z(d) for any d € R, \[0, d,]. In particular, we only need to consider the collection set
A(d) ={C|C eC(d),|C] = kg, |C\V¥| < 1}, 24)

which can be written equivalently as

AMd)= SHU{p} |HeC(d—p),[Hl=ki—1L,HCU,> pt+p=dpec0,d]y. (25
pEH

In other words,
d) = mi . 26
z(d) cnin z(p) (26)
peC
Observe that the set A(d) is finite, since V¥ is finite due to the fact that z has finitely many linear segments
on [0, d,| and since for each H C ¥ with |H| = kq— 1, p € [0, d,] is uniquely determined if HU p1 € A(d).

In particular, first, from our discussion in the proof of Theorem 6,
} (27)

where M is defined as before. The relation (27) is due to the fact that for any d € (0, d,.), w; is linear over
the interval [|d],, |d], + %) if t = t* and (|d], + %%, |d],] if t = ¢~ and d € ¥ has to be a break point
of both wy+ and w,— if n° and ¢© are finite. Consequently, we can get a bound on the cardinality of the set

d,

ag

.
0,4, }] < m;l{M

A(d) considering the special collections of the members of ¥ of size ks — 1. Since in such a collection, each

member can be chosen more than once and the order of the members do not matter, we have

|+ kg — 2
A(d) < (’ ’]: d1 > (28)
.

With these observations, we can reformulate the recursive procedure (RP) in a more practical way. Setting

U(p) to the set of the lower break points of z in the interval (0, p] p € R, we have

i. Letp:=d,.
ii. Foranyd € (p,p+ 5],

z(d) = min{z(p1) + 2(p2) | pr + p2 = d, p1 € ¥(p), p2 € (0,p]} (29)

Let p := p + £ and repeat this step.
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In fact, we can also write (29) as follows:

z(d) = mingj(d) Vd € (p,p + Q}
J 2

where, for each @/ € ¥(p), the functions ¢’ : [0, p+ g] —R U {00} are defined as

z(d) if d<d,
@(d) =1 2(d)+z(d—d) if & <d<p+d,
00 otherwise.

Because of subadditivity, we can then write

2(d) = min g% (d) Vd € (o,p + 9} .
J 2

(30)

(€29)

(32)

Example 8 Consider the MILP instance (7). For the left side of the origin, we have only one lower break

point —% (other than origin) and therefore z repeats itself over intervals of size —%. Note that this result is

parallel to the conclusion of Theorem 16. For the right side of the origin, we have ¥(2) = {1, 3}. Then,
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and consequently (see Figure 3),

+(d) = min{g"(d), ¢*(d)} , d [0, 9} .

IN A
o Nlw

Once we have obtained 2 in [O, %], we can apply the same procedure in order to extend z to [O, %7] (see

Figure 4).

7 Conclusion

O]

In this paper, we presented some theoretical results related to the structure of the value function of a MILP

with a single constraint. It is our hope that this work will provide the foundation for developing practical

methods for approximating the value function of a general MILP and will lead to practical methods for

sensitivity analysis and warm starting. It is clear that a number of results presented herein can be extended

to more general cases, but such extension seems unlikely to yield any practical methods. In the case of

a MILP with a single constraint, however, it does seem that practical methods may be possible, since the

enumeration required to evaluate the value function for a new right-hand side is reasonable in cases where

the coefficients and right-hand side are small in absolute value. Computational results with such enumeration

methods will be reported in a separate paper.
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Figure 3: Extending the value function of (7) from [O, %] to [0, %] .
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