
Problem Set 4
ISE 407 – Computational Methods in Optimization
Due: November 1, 2019
Dr. Ralphs

1. Consider the following algorithm for multiplying 2 × 2 matrices. To compute the
product [

c11 c12
c21 c22

]
=

[
a11 a12
a21 a22

] [
b11 b12
b21 b22

]
, (1)

we first compute the following products:

m1 = (a12 − a22)(b21 + b22) (2)

m2 = (a11 + a22)(b11 + b22) (3)

m3 = (a11 − a21)(b11 + b12) (4)

m4 = (a11 + a12)b22 (5)

m5 = a11(b12 − b22) (6)

m6 = a22(b21 − b11) (7)

m7 = (a21 + a22)b11. (8)

Then compute the entries in the product matrix with

c11 = m1 + m2 −m4 + m6 (9)

c12 = m4 + m5 (10)

c21 = m6 + m7 (11)

c22 = m2 −m3 + m5 −m7. (12)

With this technique, we compute the product with seven multiplications and 18 ad-
ditions rather than the usual eight multiplications and four additions. Although this
does not result in a savings for the case of 2× 2 matrices, the technique can be gen-
eralized to improve up the asymptotic running time of the naive algorithm, which
requires O(n3) operations.

(a) Generalize the above method to derive a recursive method for multiplying two
n× n matrices. You may assume n is a power of 2.

(b) Write the recursion for the running time of your method, solve it, and show that
the running time of this method is asymptotically better than that of the naive
algorithm.

(c) Propose a parallel version of this algorithm and analyze its running time using
the PRAM model of computation. Can the number of processors be chosen so
as to make this algorithm cost-optimal? Would the running time be affected if
the underlying architecture had more restricted communication, such as with a
mesh?
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2. Propose a method of parallelizing the naive algorithm for matrix multiplication under
the PRAM model and analyze it theoretically.

3. Solve each of the following recurrences, assuming that T (n) is constant for sufficiently
small values of n. Explain how you got your answer.

(a) T (n) = 2T (n/2) + n3

(b) T (n) = 2T (n/4) +
√
n

(c) T (n) = T (
√
n) + 1

(d) T (n) = 4T (n/2) + n2√n

4. Suppose you have one machine and a set of n tasks a1, a2, . . . , an. Each task aj has
a processing time pj , a profit pj , and a deadline dj . If you complete a task aj by
deadline dj , you receive a profit pj (otherwise, you receive no profit). You wish to
find a schedule that completes all the tasks and derives the maximum profit.

(a) State the decision version of this problem.

(b) show that it is NP-complete by reducing the knapsack problem to it.

(c) Give a polynomial-time algorithm for the decision problem, assuming that all
processing times are integers from 1 to n.

5. This problem considers algorithms for sorting. You are to choose any two (or more)
optimal sorting algorithm and implement them in C++ according the following guide-
lines.

• Your implementation should be object-oriented and should consist of a base class
to contain the list, with two derived classes containing the implementations of
the two sorting methods.

• You should provide a single main() function that can be compiled to produce
a sorting program that reads the data from the stadard input and then uses
one of the two implementations to sort the data and write it to the standard
output, with the choice being a compile-time option specified by defining certain
symbols.

• You should provide a simple Makefile, with one target for each sorting algorithm,
that specifies the proper symbol and builds a binary using the chosen sorting
method. Please give your binaries different names and supply a target “all” that
builds all binaries.

• You should write a script that produces a graph of the empirical running times
functions of all sorting methods in a single figure by generating random data and
feeding it into your programs. The script can be written in bash or Python.

Do an empirical analysis of your two methods according to the following guidelines.

• Plot the empirical running time functions for your initial implementations of the
two methods.
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• Plot similar graphs based on operation counts. You can do this by separating out
the operations into functions and then using a profiler to count the operations.
Discuss how these compare to the empirical running time functions.

• Use cache grind to do an analysis of cache usage. Do you notice anything
interesting?

• Compare the methods using a performance profile for a fixed input size. Does
one method completely dominate the other or does it depend on the input? If
the latter, try to determine what kinds of inputs favor one implementation or
the other.

• See if there is any way to optimize your favorite implementation by expliting
cache effects or otherwise. Report on any optimizations you find.
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