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References for Today’s Lecture

• Required reading

– Chapter 2

• References

– CLRS Chapter 3
– R. Miller and L. Boxer, Algorithms: Sequential and Parallel, 2000,

Chapter 1.
– R. Sedgewick, Algorithms in C++ (Third Edition), 1998.
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Models of Computation

• In order to analyze the number of steps necessary to execute an algorithm,
we have to say what we mean by a “step.”

• To define this precisely is tedious and beyond the scope of this course.

• A precise definition depends on the exact hardware being used.

• Our analysis will assume a very simple model of a computer called a
random access machine (RAM).

• In a RAM, the following operations take one step.

– arithmetic (addition, subtraction, multiplication, division)
– data movement (read from memory, store in memory, copy)
– comparison
– control (function calls, goto commands)

• This is a very idealized model, but it works in practice.

• We will sometimes need to simplify the model even further.
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Running Time

• The number of “steps” required for an algorithm to solve a given instance
of a problem is called the running time for that instance.

• The overall running time of an algorithm is the number of steps required
to solve an instance of the problem in either

– the best case
– the average case, or
– the worst case.

• Best case behavior is usually uninteresting.

• Average case behavior can be difficult to define and analyze.

• Worst case is easier to analyze and can yield useful information.

• Unless otherwise specified, running time is in the worst-case.
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The Input Size

• In our examples, the worst-case running time was a function of the
number of input values and their magnitude.

• We call the space necessary for storing the input the size of the input.

• The running time function expresses the running time of an instance in
the worst case, as a function of the size of the input.

• We are interested in how the running time grows generally as the input
size grows.

• Any algorithm can be used to solve a small problem.

• It is the really large problems that require efficient algorithms.
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Order of Growth

• Because we are mainly interested in how the running time grows as the
instances become larger, we won’t need “exact” running times.

• We will allow some “sloppiness” and ignore constants and low order
terms.

• Because of our many simplifying assumptions, the low order terms may
not be accurate anyway.
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Some Notational Conventions

• Unless otherwise specified, we will assume all functions map N+ to R+.

• Our usual function names will be f , g, and T .

• We will also assume that n is a variable denoting the input size that
takes on values in N+.

• We will also use m as a variable taking on values in N+.

• We will use a, b, and c to denote constants.

• Generally, all variables and constants will take on values in N+.

• Although it is common practice, I will try not to refer to a function by
the notation “f(n)” because f(n) is a value, not a function.

– Correct: “f is a polynomial function.”
– Incorrect: “f(n) is a polynomial function.”
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Growth of Functions

• Question: Why are we really interested in the theoretical running times
of algorithms?

• Answer: To compare different algorithm for solving the same problem.

• We are interested in performance for large input sizes.

• For this purpose, we need only compare the asymptotic growth rates of
the running times.

– Consider algorithm A with running time given by f and algorithm B
with running time given by g.

– We are interested in knowing

L = lim
n→∞

f(n)

g(n)

– What are the four possibilities?
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Θ Notation

• We now define the set

Θ(g) = {f : ∃c1, c2, n0 > 0 such that c1g(n) ≤ f(n) ≤ c2g(n) ∀n ≥ n0}

• If f ∈ Θ(g), then we say that f and g grow at the same rate or that
they are of the same order.

• Note that
f ∈ Θ(g)⇔ g ∈ Θ(f)

• We also know that if limn→∞
f(n)
g(n) = c for some constant c, then

f ∈ Θ(g).

• If the limit doesn’t exist, we don’t know.
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Big-O Notation

• Similarly, we can define the set

O(g) = {f : ∃c, n0 > 0 such that 0 ≤ f(n) ≤ cg(n)∀n ≥ n0}

• If f ∈ O(g), then we say that “f is big-O of g” or that g grows at least
as fast as f .

• Note that if f ∈ O(g), then either f ∈ Θ(g) or limn→∞
f(n)
g(n) = 0

• Some other notation

– f ∈ Ω(g)⇔ g ∈ O(f).

– f ∈ o(g)⇔ f ∈ O(g) \Θ(g)⇔ limn→∞
f(n)
g(n) = 0.

– f ∈ ω(g)⇔ g ∈ o(f)⇔ limn→∞
f(n)
g(n) =∞.
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Comparing Functions

• The notation we have just defines gives us a way of ordering functions.

• We can can interpret

– f ∈ O(g) as “f ≤ g,”
– f ∈ Ω(g) as “f ≥ g,”
– f ∈ o(g) as “f < g,”
– f ∈ ω(g) as “f > g,” and
– f ∈ Θ(g) as “f = g.”

• This gives us a method for comparing algorithms based on their running
times.

• Note that most of the relational properties of real numbers (transitivity,
reflexivity, symmetry) work here also.

• However, not every pair of functions is comparable.
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Example

• Recall the polynomial evaluation example from last class.

• Let’s show that if f(n) = 1
2(n2 + 3n), then f ∈ Θ(n2).
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Commonly Occurring Functions

• Polynomials: All polynomials f of degree k are in Θ(nk).

• Exponentials

– A function in which n appears as an exponent on a constant is an
exponential function, i.e., 2n.

– For all positive constants a and b, limn→∞
nb

ba = 0.
– This means that exponential functions always grow faster than

polynomials.

• Logarithms

– Logarithms of different bases differ only by a constant multiple, so
they all grow at the same rate.

– A polylogarithmic function is a function in O(lgk).
– Polylogarithmic functions always grow more slowly than polynomials.

• Factorials: Factorial functions grow more quickly than exponentials, but
are in o(nn).
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Problem Difficulty

• The difficulty of a problem can be judged by the (worst-case) running
time of the best-known algorithm.

• Problems for which there is an algorithm with polynomial running time
(or better) are called polynomially solvable.

• Generally, these problems are considered to be easy.

• There are many interesting problems for which it is not known if there is
a polynomial-time algorithm.

• These problems are generally considered difficult.

• One of the great open questions in mathematics is whether these problems
really are difficult or if we just haven’t discovered the right algorithm yet.

• If you answer this question, you can win a million dollars.

• In this course, we will stick mostly to the easy problems.
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