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MIXED INTEGER ROUNDING

S = {(x,s)EZ"XR : Zaixi—i—st, 1:20,520}

iEN
MIR inequaity for S
Z (lA)LazJ + min{b, &i}) xi+s>b[b]  where ¢&=c—|c]
iEN
a-MIR (a > 0)

> tan(ai)wi + 5 > pia,p(b)

ieN
where

tab(c) =ryle/a) + min{ry,r.}, and r. = ¢ — alc/a]



MIXED INTEGER ROUNDING

For z,5s > 0: Z a;ixi+s>b = Zua’b(ai)xi + 8 > pia,b(b)
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Property: MIR function pa,p is nondecreasing and subadditive.



MIXED INTEGER ROUNDING

For z,5s > 0: Z a;ixi+s>b = Z ta,b(@i)Ti + 8 > pra,b(b)
iEN ieN

Hala)

3r
2r

—3a —2a —a 4

Property: MIR function pa,p is nondecreasing and subadditive.

MIR cuts: Nemhauser & Wolsey, 88, 90
Split cuts: Cook, Kannan, Schrijver, 90
Gomory mixed integer cuts: Gomory, 60
Aggregate, complement & a-MIR: Marchand & Wolsey, 01
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MIXED INTEGER ROUNDING

Consider a simple example

Sz{xGZ{sGR c =bri+12+s>05, z1 >0, 2> 22 >0, 520}

The MIR inequality for S
—2.5x1 + 052, +s5>05

is actually valid for SF = {:c €7 seR : bz +z2+5>05, s> 0}

It is dominated by

—4.0x1 +0.525 + s > 0.5

The new inequality is valid for S but not for S%.
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The following inequality is valid for S:

(a1 4+ (1 = b)u)xr + bra +s > b.
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A SIMPLE SET

Inequality
(a1 + u2)x1 + b(x2 — u2w1) + s > b.
is valid for
S:{w€Z27s€R aixr+x2+s>b, 21 >0, up > a2 >0, 820}

where a1 <0< b <1< up.

In addition, MIR inequality for S is
min{ai — |a1],b}x1 + b(z2 + |a1]z1) +s>b
PROPOSITION

min{ar + k,b}x1 + b(z2 — kz1) + s > b

where k := min{uz, —|a1|} is valid and facet defining for conv(S)



Complement x»?

az1 — (uz —x2) + s >b—u

MIR inequality is
(min{a; — a1, b} + [a1])z1 — b(u2 — x2) + s > b(1 — u2)
or,
(min{a; — |a1],b} + |a1])z1 + bz2+ 5> D

The new inequality is really new.
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A SIMPLE SET

Complement x2?7

a1z1 — (U2 — x2) + 8 > b — up

MIR inequality is

(min{ar — |a1],b} + [a1])x1 — b(uz — x2) + s > b(1 — uy)

(min{as — |a1],b} + |a1])z1 + bz + s> b

The new inequality is really new.
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MINGLING

Consider the set
K> = {IEGZN7S€R:Zai$i+za]’l‘j+5>b, u>x >0, s>0}
iel JEJ

where b>0and a; >0fori€ I anda; <OforjeJ (IUJ=N)

Let the mingling set It = {1,...,n} C {i € I : a; > b} be such that
a > a2 ...2an

For j € J, let the mingling set of j be I; = {1,...,t} “minimally cover” a;:

t—1
E aiu; + arliy; > |aj| where u; > ug; > 1
i=1

(if 357, asui < |aj| then let I; = I')

For i € I, define J; :={j € J : i € I;}.



Base inequality

Zaixi-l- Z aixi+Zajmj+32b
ier+ ieI\I+ jed
Base inequality mingled
Z ai(x; — Z Uijx;) + Z a;x; + Z(a] + Z a;lii;)x; +s>b
i€l JEJ; i€I\It JEJ i€l

a
it




MINGLING

Base inequality
Z a; x; + Z aixi—i—Zaﬂ:j +s>b
ielr+ ieI\I+ jeJ

Base inequality mingled

Z ai(x; — Z Ui T5) + Z a;x; + Z(aj + Z a;lii;)x; +s>b

ielt Jed; ieI\I+ jeJ i€l



MINGLING

Base inequality
Z a; x; + Z aixi—i—Zaﬂ:j +s>b
ielr+ ieI\I+ jeJ

Base inequality mingled

Z ai(xi — Z 'lTLij:Cj) —+ Z a;T; + Z(aj =+ Z aiﬁij):cj +s>0b

ier+ J€J; ieINI+ jeJ i€l

Mingling inequality

Z b(:rl — Z ﬂij:pj) —+ Z a;T; +Z IIliIl{b./ a; —+ Z aiﬂi]-}:rj + s 2 b

ielt JEJ; i€I\I* Jj€J i€l



MINGLING

Base inequality

Zaimi—i— Z aixi—i—Zajmj—&—st

iel+ i€INIT jeJ

Base inequality mingled

Z ai(xi — Z fLij:Cj) —+ Z a;xT; + Z(aj =+ Z aiﬁij):cj +s>0b

ier+ J€J; ieINI+ jeJ i€l

Mingling inequality

Z b(:rl — Z ﬂijfbj)—F Z almp‘-me{b, a]-—|— Z aiﬁi]-}:rj + s 2 b

ielt JEJ; i€I\I* Jj€J icl;

Proposition. Mingling inequality is valid for K>. It is facet-defining if
b—min{a; +k:j€J}y>min{a;:a; >b, i c I\I"}

K= D et Gilli and J:={j€J:a; +r <0}.



SYMMETRIC MINGLING INEQUALITIES

Consider sets

ICZ:{erN,seR: ar+s>b, u>xz >0, 320}

’CSI{SCGZN,SIGRZ ar <b+s,u>z>0, 5'20}



SYMMETRIC MINGLING INEQUALITIES

Consider sets

Kzz{erN,seR: ar+s>b, u>xz >0, 320}

]ng{erN,s'ER: ar <b+s,u>z>0, 5'20}

Lemma. Inequality 7z + s > 7, is valid for K> if and only if
(a—7)z <b—mo+s ()

is valid for <. Moreover, it defines a facet of conv(K>) if and only if
inequality (**) defines a facet of conv(K<).



SYMMETRIC MINGLING INEQUALITIES

Mingling inequalities are defined for the set
ICZZ{;UEZN,SER: ar+s>b, u>xz>0, 520}
when b > 0.

If b <0, consider
K:/Z:{CL‘GZN,SGRZ —ar < —b+s, u>xz >0, 820}
for which valid inequalities can be obtained from

IC/S:{;UEZN,SER: —ax +s > —b, u>z >0, 520}



SYMMETRIC MINGLING INEQUALITIES

Assumption: b< 0. Let J- C{j€ J:a; <b}.
Base
Zai:ri—k Z a;T; + Z a;ri+s>b
icl j€I— JEJINIT~
Base mingled

Z(ai + Z ajﬂji)xi + Z aj(:cj — Z ﬂjiaci) + Z a;jrj+s>b

i€l J€J; jET— i€l JEJINJ~



SYMMETRIC MINGLING INEQUALITIES

Assumption: b< 0. Let J- C{j€ J:a; <b}.
Base
Zaixi—k Z a;x; + Z a;ri+s>b
i€l JET ™ JEINT
Base mingled
Z(ai + Z ajﬂji)mi + Z aj(:cj — Z ﬂjiaci) + Z a;jr; + 8 >b
i€l J€J; jeJ— i€l jEINT—

Symmetric mingling inequality

Zmln{al + Z ajuj; —b,0}x; + Z —b)(z; — Z Ujixi) +5>0

i€l JjEJ; jeJ— 1€1;



TWO-STEP MINGLING
Base inequality mingled

Z ai(aci - Z ﬂz‘jl’j) + Z a; T; + Z(a]‘ + Z aiﬂij)dzj +s 2 b
ielt JE€J; ieI\It+ JjeJ i€l
Mingling inequality

Z b(l’1 - Z ﬂj,jl‘j) + Z a; T4 + Zmin{b, a;j + Z aiﬁij}xj + s 2 b

iel+ JEJT; ieI\NI+ J€J i€l



TWO-STEP MINGLING
Base inequality mingled

Z ai(aci — Z ﬂz‘jl’j) + Z a; T4 + Z(a]‘ + Z aﬂ_Lij)J?j + s 2 b

ielt JE€J; ieI\I+ JjEJ i€l

Mingling inequality

Z b(l’l - Z Q_Lijl‘j) + Z a; T4 + Zmin{b, a;j + Z aiﬁij}xj + s 2 b

iel+ JEJT; ieI\NI+ J€J i€l

Two-step mingling inequality

D )@= Aias)+ Y pras(@)Tity o (minb, a4+ aifiy;})zi+s > fra(b)

ielt jed; ieI\I+ jes i€l
where a > 0 st a[b/a] < min{a,; :i € I}

Proposition. Two-step mingling inequality is valid for £C>. It defines a facet
of conv(K>)if J=0,I"={i€l:a; > afb/a]}, a =a; for some i € I.



TWO-STEP MINGLING

Symmetric two-step mingling inequality

Z(aa+ﬂab( b)) (x; — Zuﬂxl + Z (a; + pap(—aj))z;

jeJ— i€l jeI\NJT—
+Z(ai+z Wji+pho,p (min{—b, _ai_z a;jji}))Ti+s > btpra,p(—b)
i€l jed; JET;

where a > 0 such that min{a; : j € J7} < a|b/a]

Proposition. Symmetric two-step mingling inequality is valid for K. It
defines a facet of conv(K>) if I =0, J- ={j € J:a; <alb/a]}, a=aj
for some j € J.



APPLICATION: 0-1 VARIABLES

KL = {(m,s)G{OJ}N xR : Zaimi <b+s, 320} (wlog a > 0)

iEN
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APPLICATION: 0-1 VARIABLES

KL = {(m,s)G{OJ}N xR : Zaimi <b+s, 320} (wlog a > 0)

ieN
CCNisacoverif \:=3,_~a;i—b>0
Zaizii + Z —a;x; +8> A\
ieC iEN\C

For It C {i € C: a; > A} the mingling inequality is
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APPLICATION: 0-1 VARIABLES

KL = {(m,s)G{OJ}N xR : Zaimi <b+s, 320} (wlog a > 0)

ieN
CCNisacoverif \:=3,_~a;i—b>0
Zaizii + Z —a;x; +8> A\
ieC iEN\C

For It C {i € C: a; > A} the mingling inequality is

Zx\(fifoj)+ Z a;T; + Z min{)\,faj+2a¢}a:j+sz)\

eIt JET; i€C\I+ JEN\C i€J;
IfIt={ieC:a;>A}

Zmin{/\,ai}fi + Z (=AlZ;| + min{\, —a; + Z aip)z; +s> A

i€C jEN\C ic€J;

Continuous cover inequality (Marchand & Wolsey, ’99).



APPLICATION: 0-1 VARIABLES

Assume Ziec\k a; < b for some k € C. Alternatively,
Zaifiqt Z —aixi +s>A—ap = —0<0
i€C\k iEN\(C\K)

For J= C{j e N\ (C\k):a; >0} and I = C\ k, symmetric mingling
inequality

Z min{O,ai— Zaj—l—é?}ii—l— Z (9—aj)(1:j — Zfz)-i-s >0

i€C\k JEJ; jeJ— el
IfJ-={jeN\(C\K):a; >0}

Z (min{O,aifZ aj+0}+2(aj76’))£if Z (a;—0)"z;+5>0

ieC\k jEJ; JjeJ; JEN\(C\k)

Reverse continuous cover inequality (Marchand & Wolsey, 99).



EXAMPLE

APPLICATION: 0-1 VARIABLES

13z1 + 10z + 923 + 824 + bas + azxs < 42 + s, :106{0,1}67 s> 0.
Cover C ={1,2,3,4,5}, A =134+104+9+8+5—42=3 and a = 13.

— I'(a)

————— ~hal—0)

,,,,,,,,

13

23 32 40 45 a

S0 Azi+ (4X — min{\, —a + Z ai}) xe <4X+s

i=1

(a) (Gu, Nemhauser & Savelsbergh, '99)
(Marchand & Wolsey, '99)



APPLICATION: BOUNDED INTEGERS

K¢ = {(m,s) c ZV xR : Zami <bts,u>xz>0,s> 0},(Wloga > 0)

iEN
CC Nisacoverif \:=3, au—b>0

Base inequality

Zaiii+ Z —a;x; +8> A

i€C 1EN\C
For It C{i€ C:a; > A} and J = N \ C, mingling inequality

Z A(i‘l *Z ﬁijl'j) —+ Z aiii +Z min{/\, a; +Z aiﬁij}xj +s 2 A

iert JET; ieC\I+ jeJ i€l
For IT C{i € C:a; > ar[N ax]}, two-step inequality with o = ay,

> (uk =+ ak =)@ = D w) D> ey (a:)Zs

ielt jed; i€C\I+

> oy (min{X, —a; + > aifii;})a; + 5 > (g — 0+ 1)(ak — 1)

J€J i€l



APPLICATION: BOUNDED INTEGERS

Assume Ziec\k u;a; < b for some k € C. Alternatively

Z a;T; + Z —a;x; +8s>XN—agur =: —0 <0
i€C\k PIEN\(C\k)

For J- C{j e N\ (C\k):a; >0} and I = C\ k, symmetric mingling
inequality

Z min{0, a; — Z a;uj;+0}T;+ Z (p—aj)(z Zuﬂm2 +s>0

i€C\k JEJ; jeJ— 1€1;

For J= C{j € N\ (C\k):a; > ar[0/ar|}, symmetric two-step inequality
with o = ag

Z( a; +nr)(z Z“Jﬂf’z + Z (—aj + pay, (a5))z;

jeJ— i€l AV A

+ Z (as —|—Z Uji + fa,, (min{h, —a; —|—Z a;jUi}))Ti+s> —0+nr

i€C\k JEJ; J€J;



APPLICATION: BOUNDED INTEGERS
Atamtiirk’s continuous integer knapsack cover inequalities

S —p(—a)Ti+ Y —wlag)ws; +5 > (uk —n+ 1)(ak — 1)
ieC JEN\C
and continuous integer knapsack pack inequalities
Z —®p(a;)z; + Z —wi(—ai))Ti +s> —0+nr
JEN\(C\Kk) i€C\k

where

(n—ur—D(ar —7) ifa< =)
bp(a) =19 a— pa,(a) if —A<a<l, forkeN
a—nr ifa >0,

and v, and wy, are (complicated) superadditive lifting functions are in fact
two-step and symmetric two-step mingling inequalities.



162 A. Atamtiirk

min{r, €} gives a feasible solution with objective value min{r, €} larger than for
(z(a1), y(ay)), contradicting its optimality.
(ii) z¢(ar) = 0and z¢(a2) < ue —1n: Letk = ug —n—z¢(az). Using ¢ < r, (29) gives

Yar) > —ax —ag(ug —n — k) —r = (ag(n = ue) = ax) +apk —r
= agk —r =ag—r.

Thus again y(a;) = ag — r + € with € > 0. Since z¢(a;) = 0, in this case the
solution obtained from (z(a)), y(a;)) by increasing zx(a;) by one and increasing
z¢(a1) by ug — n and y(a)) by a — r + min{e,  + r} is feasible and improves
the objective value by minfe, & +r}. If §; +r > 0, this contradicts the optimality
of (z(a1), y(a1)). If 8 +r = 0, we have an alternative solution in which zx(a1) is
one larger.

(iii) z¢(ay) = 0 and z¢(az) = ug — n: Using ¢ < 8 + r from (29) we have

yla1) > —ag — ague +agn — 8 —r
=(—ar+m—ug—Dag—8) +ag—r=ag—r.

Since and z¢(a;) = 0 and y(a;) = a¢ — r + € with € > 0 the case reduces to case
2 above. o

Theorem 5. Ifa; <d — ugag ora; > r —ag foralli € I~, then

i (ue—n+1)(ag—r) if min < a < mackd;,

(win(ue=n+1) + k) (ag—r) if mitSi+kae < a < mip A5+ kag+r,

win(ue=n+1)(ag=r)+a—mip =8 —(k+Dr if myAditkac+r =a < mytdit (k+1ag,

(g, (ug=n+1) + p)lag—r) if my—+pa <a<m;—+pac+r,
T(@)=1{ ty, (e =n+ D)@ —r)+a—m;——(p+Dr if my—+pag+r <a <m;—+(p+Das,

i, (e =n+1r+m)(ae—r) if i < a < A% 41

Wi, (e —n+Vrn) ae—r)ra—ing—8i—k+0)r if g8 +kag+r < a <mgSi+Hk+H)a

(i, (e =+ 104k —r) if mgetd; + kag < a < gy + 8 + kag+r

tn, (e =n+1)(ay—r)+a—m——nr ifazm—,

where 8 = (n—ug—Dag—a; fori € 1™, ugy = Y42} wx+h miy = mg_1yu,_, —ha

forh € (0,1,...,u;) and i € {1,2,...,n} with mou, = 0, iy, = myy + nag for
hoe (0,1, ... uiyandi € [s,s+ 1,...,n) my— = mg, my— = iy, k €
0,1,...,ug—n)and p e {0, 1,... ,n—1).

Proof. From Lemma 4 (ii), we may assume that z; = 0 for all i € I~ such that
a; > r — ag. Hence the condition of Lemma 5 is satisfied. Observe that if /=~ = @,
inequality (26) equals (14). Consequently I'(a) = Q(a) fora € Ry asm ;- = 0 and
nay. Otherwise, from Lemma 4 (i) and Lemma 5. as a increases. there exist

mi—
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CONCLUDING REMARKS

Simple procedure; uses MIR functions only; easy to implement
Combines MIR and superadditive lifting

Produces strong inequalities even with bounds

A new general way for deriving valid inequalities for MIPs

Suggests new separation methods for high rank/lifted cuts
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