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Introduction

Mixed-integer programming problem:

z=min{cz : z € S}

where

S={xreR™ x Z™ : Az < b}

How to obtain strong valid inequalities for S ?

@ General purpose cutting planes, special purpose cutting planes based
on structure, relaxations.

MIR inequalities...

Obtain new classes of valid inequalities by using known classes
lifting, mixing.

e 66 ¢ ¢

Mixing: generating new valid inequalities by combining known MIR
inequalities.

o F = = £ DA
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Base inequalities

Given a mixed integer region S C R™! x Z™2 and a collection of m > 2
valid inequalities for S

where

fi(z) + Bg(z) >7' ieT={1,...,m} (1)

BeRL,meR fi(z) >0, and ¢'(z) € 2

@ valid inequalities of this form are called base inequalities from now on.
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o 7'c Zland B>~' > 0.

MIR inequality for the base inequality
@ ForieZ, let ' = [r'/B], and 4/ = 7 — (7' — 1) B.

For any i € Z, the so-called simple MIR inequality

is valid for S.

fi@) >~ (" - g'(x))
Proof:

fi(z) > 7' — Bg'(z) =+ + B(r' — g'(z) — 1).

@ For x € S, either g'(x) > Tl or g'(x) < 7P —1...
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MIR inequality...

@ Nembhauser and Wolsey method for generating MIR on the set H:

H={(fg) eRxZ: ~f<0 -4 g<-T)
d < [=/B].

7 9T T B([x/B] - 1)
= > (r— B([x/B] - 1)([x/B] - g).

@ = (2) is an MIR inequality.

@ This inequality suffices to obtain the complete linear description of
conv(H).
@ Now try this on mixed-integer sets with more than 1 base inequality.
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Mixing procedure

o Let I ={1,...,n} CZ ={1,...,m} be a subset of base inequalities.
@ wlog, v* > ~i~!foralln >i>2.
@ given f(z) € R': f(x) > fi(z) >0Vx € S, Viel,

The following mixed MIR inequalities
flz) > 3 (V' ="~ ¢ (2)) (3)
and -
Fl@) 2 20— 2D — @) + (B — g @) -1 (@
i=1
where 4° = 0, are valid for S.
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Mixing procedure...

Proof:

@ For any fixed z € S, define 8 = max;c;{7% — ¢'(Z)} and

ev=mazr{iel:B=1"—g'(z)}

o If 3 <0, RHS of (3)-(4) is at most 0.

@ Therefore assume that § = 7% — ¢¥(z) > 1.

@ Using 3>7' —gi(z) Vi <wvand B>71°—gi(z) +1Vi>wv,

o ... (]
When |I| =1 and f = f1, then (3) = (2) and (4) = (1).
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o Let S ={(z,y) € RL x 2% : 21 4+ 10y; > 3,21 + 10y > 5}

@ MIR inequalities associated with the base inequalities:

I 2 3(1 — yl)
I 2 5(1 — yz)
o Mixed MIR inequalities with f = f! = f2 = z; and ¢' = y;:

z1 > 3(1 —y1) + 2(1 — y2)

x1 2 5(1 = y2) +2(1 = y2) +5(=y1)
@ All these inequalities together yield conv(S).
@ Strength of (3)-(4) depends on choice of f.
o f(z) > f*(z) = max;er fi(x)

@ f*(z) not smooth in general.
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Generating base inequalities - example

Fixed charge capacitated network problem.
@ Aggregate flow balance constraints over a set of connected nodes...
° ZjeNl Ly — ZjENg zj =d,
0= N T2 d
@ Partition of Ny = {F, G}, using variable upper bound constraints
xj <wujxj for j € G gives
0 D ierTit D jeq iy = d.
@ Similar approach can be followed for other problems.
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General purpose mixing from the simplex tableau
Solve the linear programming relaxation and rewrite the problem using the
optimal basis:

z =min{cz : x; + Z a;jT; = bi,xr >0,z € Z"}.

JENV
@ Define several base inequalities for each row.

o for a fixed ¢ € BV and coefficient o € Z, define

g(x) =ox; + Z loaj|x;

JENV

JENV
@ Relax to f(z) + g(x) > ob; (B =1).
@ When o =1, (2) = GMI cut.
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Strengthening MIR and Mixed MIR inequalities
@ Associated MIR inequality:

For a fixed i € BV and o € ¢Z, let 7 = [ob;] and v = ob; — (T — 1)

ovri+ Y (0@ — (08y])z; + v oty)]a; > 47
JENV

Z [Udiﬂ i+
jENV:O’(Lijf La’z’zijj >

lo@ij |
jGNVZO'C_Lij— LO’EUJ S')/

(5)
o if (ca;j — |oas;|) > v for some j € NV, then redefine g(x) and f(z):
g(x) = ox; +
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Strengthening MIR and Mixed MIR inequalities...

flz) = > (0ai; — lodi;|)x;

jENV:Oﬁij— Laaijjg’y

This gives the following MIR inequality (2):

ovei+ Y [min(oai; — [oai;],7) +vloay ey > 47
jenv

@ This is clearly stronger than (5).
@ For mixed MIR inequalities: same approach but more involved.

@ pick a threshold value 3; €R for each j € NV and relax the base
inequality f(x) + g(x) > ob; if coefficient of x; in f(x) is greater
than ﬂ]
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Strength of Mixing procedure

Possible to generalize (3) and (4)...

The following inequality is valid for S

fl@) +a>) 80 —g'(x) (6)
UEIL
provided:
O (b,a) € PC, where
PC={0,a) eRI™ Y ¢ <B
i€l
Y § <a+qi, VieT}

J<i

Q f(z) > fi(x) forallxz € S,i € T with § > 0.
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Strength of Mixing procedure...

(3) and (4) contain all important inequalities of form (6) with (8, ) € PC.

Let p = (0, ) be an arbitrary non-zero extreme point of PC, define
I={i€T:6>0}="{iiz,...,in} withi; <is <...<i,. The
extreme point p = (9, «) is characterized by:

a € {07 B — /Y’Ln}

6 =AM 4

8% =i — -1 =2 .. .n

§' =0 foric I\I.

(6) generated by (4, ) € P is equivalent to or dominated by positive
combinations of (3) and (4).

o F = = £ DA
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Finding violated inequalities

If £ is fixed or known apriori, given a point Z € R™! x Z™2,

©

separation problem is finding (5, &) € PC that maximizes the RHS of

f@) =) 8 — 4 @) - a (7)

€T

(]

(]

Let hi(z) = 7% — gi(x). Let (§, &) be such that it has minimum
number of non-zero components.

Define [ = {i € Z: 6" > 0} = {i1,...,in} with iy < iy < ... <ip.
& # 0 < max;er{h/ ()} > 1.

©

(]
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Finding violated inequalities...
o ForallicZ icl«e

hi(z) > W (T) V) > i
hi(z) > ng[hj(j) —1]

h'(z) >0
@ The optimal I must satisfy

K (Z) > h'2(z) > ... > h' (%) > max{h"(z) — 1,0}
@ Can be found easily by computing and sorting h*(Z)
@ Values &% for i € I can be fixed using previous lemma.
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Variations

(4

When fi(z) < 0 for base inequality i € Z, MIR (2) not valid.

If we know a lower bound, f%(z) > LB, then we can rewrite the base
inequality:

(f'(z) — LBY) + Bg'(z) > 7 — LB'
If base inequalities have the form
[i@) + Blg'(@) >

then we define 7/ = [7?/B] and v' = ©* — Bi(7* — 1).

o check if B = min;e;{ B} > 5 = max;er {7’}
@ relax base inequalities with small B’'s by replacing with 4
°

Another approach is to scale inequalities to increase B or reduce 7.

[m] [ =
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Mixing independent constraints

Next time... along with some more stuff... :)
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